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Abstract
This thesis consists in two results.
In [Z. Lu, G. Tian, The log term of Szegő kernel, Duke Math. J. 125, N 2
(2004), 351-387], the authors conjectured that given a Kähler form ω on CPn
in the same cohomology class of the Fubini–Study form ωFS and considering the
hyperplane bundle (L, h) with Ric(h) = ω, if the log–term of the Szegő kernel
of the unit disk bundle Dh ⊂ L∗ vanishes, then there is an automorphism ϕ :
CPn → CPn such that ϕ∗ω = ωFS.
The first result of this thesis consists in showing a particular family of rotation
invariant forms on CP2 that confirms this conjecture.
In the second part of this thesis we find explicitly the Szegő kernel of the
Cartan–Hartogs domain and we show that this non–compact manifold has va-
nishing log–term. This result confirms the conjecture of Z. Lu for which if the
coefficients aj of the TYZ expansion of the Kempf distortion function of a n–
dimensional non–compact manifold M vanish for j > n, then the log–term of the
disk bundle associated to M is zero.
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Introduction
In this thesis we analyze how the vanishing of some coefficients of the asympto-
tic expansion of the Kempf distortion function of a Kähler manifold affects the
geometry of the manifold.
Given a polarized compact Kähler manifold (M,ω), S. Zelditch [59] proved the
existence of a complete asymptotic expansion of the Kempf distortion function
Tm associated to ω:
Tm(x) ∼
∞∑
j=0
aj(x)m
n−j,
where aj, j = 0, 1, . . ., are smooth coefficients with a0(x) = 1. In [40], Z. Lu
showed that each of the coefficients aj(x) is a polynomial of the curvature and
its covariant derivatives at x of the metric g associated to ω, which can be com-
puted by finitely many algebraic operations. Z. Lu and G. Tian pointed out
that these coefficients are strictly related to the geometry of (M,ω). Consider
the reproducing kernel of the Hilbert space consisting of the closure in L2(X) of
the restriction to X of the continuous functions in D¯ that are holomorphic in all
D, where D = {v ∈ M | ρ(v) > 0} is the disk bundle of the dual bundle of the
polarization of (M,ω) and X = ∂D. This kernel is called the Szegő kernel of the
unit disk bundle D over M . A direct computation of the Szegő kernel could be
in general very complicated. Although, when D ⊂ M is a strictly pseudoconvex
domain with smooth boundary, the following celebrated formula due to Fefferman
(see [22], [7] and also [6]) shows that there exist functions a and b continuous on
1
D¯ and with a 6= 0 on X, such that:
S(v) = a(v)
ρ(v)n+1
+ b(v) log ρ(v).
In particular, in [41], Lu and Tian proved the following results:
1. If one considers a Kähler form ω on CPn in the same cohomology class of
the Fubini–Study metric which is “close” to ωFS (in the sense expressed in
(3.22)) and such that the log–term of the Szegő kernel vanishes, then there
is an automorphism ϕ : CPn → CPn such that ϕ∗ω = ωFS.
2. If the log–term of the Szegö kernel of the unit disk bundle over M vanishes
then ak = 0, for all k > n.
(We refer the reader to Section 3.2 for more details).
It is rather natural to ask the following:
Question 1: Does result (1) above holds true when the hypothesis to be “close”
is removed?
Question 2: Is it also true the converse of result (2)? In other words, if the
coefficients ak of the expansion given by Zelditch vanish for all k > n, does the
log–term of the Szegö kernel of the unit disk bundle over M vanish?
A positive answer to Question 1 has been conjectured by Lu and Tian in
[41], while a positive answer to Question 2 was conjectured by Lu in a private
communication.
In this thesis we give a positive answer to Question 1 and 2 in particular cases.
For the first one, we consider for each a > 0, the one parameter family of Kähler
forms on CP2 given by
ωa = Φ
∗ωFS
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where a = |α|2, α ∈ C∗ and Φ is a holomorphic Veronese–type embedding given
by:
CP2
Φ−→ CP5
[Z0, Z1, Z2] 7−→ [Z20 , Z21 , Z22 , αZ0Z1, αZ0Z2, αZ1Z2],
where Z0, Z1, Z2 are homogeneous coordinates on CP2.
For the second one, in the non–compact situation, we consider the case when
(M,ω) is a Cartan–Hartogs domain (see Section 4.4 for the definition). In
particular, we prove the following:
Theorem A. The log–term of the Szegő kernel of the disk bundle over a Cartan–
Hartogs domain vanishes.
The proof is based on the fact that the disk bundle of a Cartan–Hartogs do-
main Md0Ω (µ) is the Cartan–Hartogs domain M
d0+1
Ω (µ). Observe that since the
boundary is not smooth, we cannot apply Fefferman’s result. However, we say
that the log–term of the Szegő kernel of the disk bundle vanishes if there exists
a continuous function a on D¯ with a 6= 0 on X such that S(v) = a(v)
ρ(v)n+1
(see
Definition 4.10).
In [21], Z. Feng and Z. Tu proved that the coefficients ak of the TYZ expansion
of the Kempf distortion function of the Cartan–Hartogs domain Md0Ω (µ) vanish
for k > d + d0, where d + d0 is the dimension of Md0Ω (µ). Combining this result
with Theorem A, we show that Cartan–Hartogs domains are an example of non–
compact manifolds for which the Lu’s conjecture holds true.
The thesis is organized in four Chapters as follows:
In Chapter 1, we recall the basic notions on Kähler geometry and on the
theory of fiber bundles used in the thesis, with particular attention to the case of
CPn.
In Chapter 2, we summarize useful results of complex analysis. In particular,
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in Sections 2.1 and 2.2 we define, respectively, the Bergman and the Szegő kernel
for domains of Cn, investigate some of their properties and recall the results of
C. Fefferman [22] and L. Boutet de Monvel and J. Sjöstrand [6]. In Section 2.3
we extend the definition of the Szegő kernel to domains of manifolds.
In Chapter 3, we describe the first result of this thesis. In Section 3.1, we intro-
duce the Kempf distortion function for a compact Kähler manifold M explaining
what TYZ asymptotic expansion of this function means and what coefficients aj
of TYZ expansion are, recalling the results due to S. Zelditch [59], Z. Lu [40]
and Z. Lu and G. Tian [41]. In Subsection 3.1.1 we define the disk bundle of a
polarized Kähler manifold (M,ω) and we prove that it is a strictly pseudoconvex
domain. In Subsection 3.1.2 we remake the construction of the Szegő kernel of
the disk bundle over M as in [59] and in [41], using the natural volume form
induced by the contact form on the boundary of the disk bundle. Moreover we
illustrate the relation showed by Lu and Tian in [41], between this Szegő kernel
and the coefficients of the TYZ expansion of the Kempf distortion function. In
the last section we show that the family of Kähler forms ωa is a particular family
of metrics on CP2, which gives a positive answer to Lu and Tian’s conjecture.
In the last chapter, we describe the second result of this thesis. In Section 4.1
we generalize the definition of the asymptotic expansion of the Kempf distortion
function to the non–compact case giving a necessary condition to the existence
of such an expansion. In sections 4.2 and 4.3 we introduce Hartogs domains and
Cartan domains that are used to give, in Section 4.4, the definition of Cartan–
Hartogs domains. In the same Section 4.4, we also prove that the disk bundle
of a Cartan–Hartogs domain of dimension d is a Cartan–Hartogs domain of di-
mension d + 1. Finally, in Section 4.5 we find explicitly the Szegő kernel of a
Cartan–Hartogs domain and prove Theorem A.
4
Capitolo 1
Preliminaries
In this chapter we illustrate the notations used in this thesis and recall some
notions on complex and Kähler geometry.
1.1 Kähler metrics
Recall that if (M, g) is a hermitian manifold, with g a hermitian metric, we define
the fundamental form ω ∈ Ω(1,1)(M,C) of g as
ω(X, Y ) = g(X, JY ), (1.1)
for all smooth fields X, Y on M , where J is the almost complex structure on M
and denoting by Ω(1,1)(M,C) the space of all (1, 1)–forms on M .
Definition 1.1. A hermitian manifold (M,ω) is Kähler if and only if for all
p ∈M there exist a neighborhood U and a plurisubharmonic 1 function Φ : U → C
such that
ω|U =
i
2
∂∂¯Φ.
The function Φ is called a Kähler potential for the metric g and it is univocally
determined up to the addition of the real part of a holomorphic function. Observe
1In our contest, we consider Φ of class C2 and being plurisubharmonic means that the matrix
[∂∂Φ(x)] of second derivatives is positive semi–definite, for all x ∈ U .
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that in local coordinates one has
ω =
i
2
n∑
α,β=1
gαβ¯ dzα ∧ dz¯β,
where
gαβ¯ = g
(
∂
∂zα
,
∂
∂z¯β
)
=
∂2Φ
∂zα∂z¯β
.
Let Ric be the Ricci curvature of (M, g) and let ρ be the Ricci form associated
to Ric, i.e.
ρ(X, Y ) = Ric(JX, Y ),
for all smooth fields X, Y on M . The nice feature of the Kähler metrics is that
the Ricci form has a very simple expression in terms of the metric tensor, i.e.
ρ = −i∂∂¯ log det(gαβ¯),
(we refer the reader to [53]).
1.1.1 The complex projective space
In this section we recall some aspects of the Kähler geometry of the complex
projective space which will be useful throughout the thesis.
The complex projective space CPn is the set of all complex lines in Cn. If we
consider on Cn+1 the equivalence relation where x, y ∈ Cn are equivalent, x ∼ y,
if and only if x = λy for some λ ∈ C∗, then the complex projective space can be
described as the quotient space
CPn =
Cn+1
∼ .
Denote with [Z0, . . . , Zn] the equivalence class of (Z0, . . . , Zn) ∈ Cn+1. Consider
in CPn the canonical atlas (Uα, ϕα) with Uα = {[Z0, . . . , Zn] ∈ CPn | Zα 6= 0},
α = 1, . . . , n and
φα : Uα −→ Cn
[Z0, . . . , Zn] 7→
(Z0
Zα
, . . . ,
Zα−1
Zα
,
Zα+1
Zα
, . . . ,
Zn
Zα
)
,
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and inverse map
φ−1α : C
n −→ Uα
(W1, . . . ,Wn) 7→ [W1, . . . ,Wα−1, 1,Wα+1, . . . ,Wn].
Observe that when Uα ∩ Uβ 6= ∅, the composition
φα ◦ φ−1β : φβ(Uα ∩ Uβ) −→ φα(Uα ∩ Uβ)
(Z1, . . . , Zn) 7→
(Z1
Zα
, . . . ,
Zα−1
Zα
,
Zα+1
Zα
, . . . ,
Zβ−1
Zα
,
1
Zα
,
Zβ+1
Zα
, . . . ,
Zn
Zα
)
,
is clearly holomorphic.
Set for convenience (z1, . . . , zn) =
(
Z0
Zα
, . . . , Zα−1
Zα
, Zα+1
Zα
, . . . , Zn
Zα
)
and define on each
Uα the (1, 1)–form
ωFS = ω|Uα =
i
2
∂∂¯ log
(
1 + |z1|2 + · · ·+ |zn|2
)
, (1.2)
the so–called Fubini–Study form on CPn and let ΦFS = log
(
1+ |z1|2 + · · ·+ |zn|2
)
be the Kähler potential associated to ωFS on Uα.
1.2 Holomorphic vector bundles
A holomorphic vector bundle over M of rank r is a complex manifold E together
with a holomorphic function pi : E →M such that
• pi is surjective,
• for any point p ∈ M the fiber Ep = pi−1(p) is a complex vector space of
dimension r,
• for every p ∈M there exist an open set Up ⊂M , p ∈ Up, and a biholomor-
phism ϕ such that the diagram:
pi−1(Up)
ϕ
> Up × Cr
Up
pr1<
pi| >
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commutes, where pi| is the restriction of pi to pi−1(Up) and pr1 is the standard
projection on the first factor.
Observe that, denoting with pr2 the standard projection on the second factor,
the map pr2 · ϕ|Ep : Ep → Cr is an isomorphism of vector spaces.
Given a holomorphic vector bundle pi : E → M , the pair (Up, ϕp) is a local
trivialization.
For each Uα, Uβ such that Uα ∩ Uβ 6= ∅, the map
ϕα ◦ ϕ−1β : (Uα ∩ Uβ)× Cr → (Uα ∩ Uβ)× Cr
(x, v) 7→ (x, gαβ(x)v)
is holomorphic and induces the maps, gαβ : (Uα ∩ Uβ)→ GLr(C) which satisfy
(i) gαβ = gβα,
(ii) gαα = IdCr ,
(iii) gαβ · gβγ · gγα = IdCr .
The maps gαβ are called transition functions of the vector bundle. Observe that
prescribing maps gαβ : (Uα ∩ Uβ) → GLr(C) on M which satisfy the conditions
(i), (ii) and (iii) above, determines uniquely the bundle.
Definition 1.2. Given a vector bundle pi : E → M of rank r on M , a global
section s of E is a map s : M → E such that pi ◦ s = idM .
Note that if s is a global section then s(p) ∈ Ep for all p ∈M . Denote with Γ(E)
the set of all smooth sections of E and with H0(E) the set of all holomorphic
sections on E. In particular, by the vector space structure of Ep it is possible to
endow H0(E) with the vector space structure, setting (s+ t)(p) = s(p) + t(p), for
all s, t ∈ H0(E), for all p ∈ M and (λs)(p) = λs(p) with λ ∈ C. If pi : E → M
is a vector bundle of rank r with local trivialization (ϕα, Uα) and s ∈ H0(E) is a
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holomorphic section, then
ϕα ◦ s|Uα = sα : Uα → Uα × Cr
p 7→ (p, σα(p))
and
ϕβ ◦ s|Uβ = sβ : Uβ → Uβ × Cr
p 7→ (p, σβ(p))
where s|Uα and s|Uβ are called local trivializing sections. Observe that if p ∈
Uα ∩ Uβ, then s|Uα(p) = s|Uβ(p) and we have
(p, σα(p)) =sα(p) = (ϕα ◦ s|Uα )(p) = (ϕα ◦ s|Uβ )(p) = (ϕα ◦ ϕ−1β ◦ sβ)(p)
=(ϕα ◦ ϕ−1β )(sβ)(p) = ϕα ◦ ϕ−1β (p, σβ(p)) = (p, gαβσβ(p))
(1.3)
that implies σα = gαβσβ.
Remark 1.3. Observe that the product and the direct sum of two (or more)
vector bundles is still a vector bundle. In particular, if pi1 : E1 → M and
pi2 : E2 → M are vector bundles of rank k1 and k2 respectively, with transition
functions g1αβ and g2αβ, then pi1 ⊗ pi2 : E1 ⊗ E2 → M is a vector bundle of rank
k1k2 with transition functions g⊗αβ = g
1
αβg
2
αβ. Analogously, pi1⊕pi2 : E1⊕E2 →M
is a vector bundle of rank k1 + k2 with transition functions
g⊕αβ =
 g1αβ 0
0 g2αβ
 .
1.2.1 Tangent bundle
Let TM =
⋃
p∈M TpM be the classical tangent space of M and let (Uα, hα) be
an atlas for M . Let pi be the canonical projection defined by pi : TM → M ,
pi(vp) = p, for all vp ∈ TpM . Define ϕα = dhα, where
(dhα)p : TpUα → Thα(p)Rn ' Rn
v 7→
n∑
j=1
aαj
∂
∂xj
∣∣∣∣∣
h(p)
.
9
Then the diagram
pi−1(Uα)
ϕα
> Uα ×Rn
Uα
pr1<
pi| >
commutes, with pi−1(Uα) = TUα = {(p, v) | p ∈ Uα, v ∈ TpUα ' TpM}. Thus
ϕα : pi
−1(Uα)→ Uα ×Rn are local trivializations for TM .
1.2.2 Dual bundle
To any vector bundle pi : unionsqp∈MEp → M , with local trivializations (ϕα, Uα), we
can associate a dual bundle pi∗ : unionsqp∈ME∗p → M , where E∗p is the dual space of
Ep, i.e. E∗p = {fp ∈ C0(Ep,C)}. A local trivialization (U∗α, ϕ∗α) for pi∗ is given by
ϕ∗α : ((pi
∗)−1(U∗α))→ U∗α × (Cr)∗
fp 7→ (p, fp ◦ ϕ−1α ).
Observe that since by definition the transition functions for pi∗ are
ϕ∗α ◦ (ϕ∗β)−1 : (U∗α ∩ U∗β)× (Cr)∗ → (U∗α ∩ U∗β)× (Cr)∗
(p, fp) 7→ (p, fp ◦ ϕβ ◦ ϕ−1α )
we have g∗αβ = gtβα = (gtαβ)−1. Note that if rank of E is one then g∗αβ = gβα.
1.2.3 Universal bundle on CPn
Now we are interested in constructing an important line bundle (a vector bundle
where the rank is 1) on CPn, called the universal bundle or tautological bundle.
Let U be the disjoint union of lines in Cn+1 and consider the map pi : U → CPn
where the fiber of a point p = [Z0, . . . , Zn] is the complex line through p, i.e.
pi−1(p) = {(p, λ(Z0, . . . , Zn)) | λ ∈ C and (Z0, . . . , Zn) ∈ Cn+1 \ {0}}
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and clearly pi((p, λ(Z0, . . . , Zn))) = pi((p, Z0, . . . , Zn)) = p = [Z0, . . . , Zn]. Consi-
der the open set Uα = {[Z0, . . . , Zn] ∈ CPn | Zα 6= 0} then
pi−1(Uα) = {([Z0, . . . , Zn], λ(Z0, . . . , Zn)) | λ ∈ C, Zα 6= 0}
=
{(
[Z0, . . . , Zn], λα
(
Z0
Zα
, . . . , 1, . . . ,
Zn
Zα
))
| λα := λZα
}
.
Define
ϕα : pi
−1(Uα) −→ Uα × C
([Z0, . . . , Zn], λ(Z0, . . . , Zn)) 7→ ([Z0, . . . , Zn], λα)
and the diagram
pi−1(Uα)
ϕα
> Uα × C
Uα
pr1<
pi| >
commutes. Observe that ϕα is bijective and C-linear, with inverse map
ϕ−1α : Uα × C −→ pi−1(Uα)
([Z0, . . . , Zn], λ) 7→
(
[Z0, . . . , Zn], λ
(Z0
Zα
, . . . ,
Zn
Zα
))
.
The pair (Uα, ϕα) is a local trivialization of the universal bundle U that is a sub-
bundle of the trivial bundle CPn×C. For the transition function observe that if
(λ(Z0, . . . , Zn)) ∈ pi−1(Uα ∩ Uβ) then
ϕα ◦ ϕ−1β : (Uα ∩ Uβ)× C −→ (Uα ∩ Uβ)× C
([Z0, . . . , Zn], λ) 7→
(
[Z0, . . . , Zn], λ
Zα
Zβ
)
,
thus
gαβ : (Uα ∩ Uβ) −→ GL1(C) = C∗
[Z0, . . . , Zn] 7→ Zα
Zβ
.
The dual bundle of U is a linear bundle called the hyperplane bundle and is
denoted by O(1), for this reason we will denote the universal bundle by O(−1).
Other important bundles of CPn are the tensor power of O(1) and O(−1) (see
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Remark 1.3), so sometimes we write O(m) for O(1)⊗m and O(−m) for O(−1)⊗m
and O(0) = CPn ⊗ C by definition.
Now we investigate the set of holomorphic sections of O(1) and O(−1).
Proposition 1.4. Let O(1) be the hyperplane bundle of CPn and m ∈ Z, then
the following holds:
H0(O(m)) =

C, if m = 0,
0, if m < 0,
C[z0, . . . , zn] homogeneous of degree m, if m > 0,
and
dim(H0(O(m))) =

1, if m = 0,
0, if m < 0,(
m+n
m
)
, if m > 0.
Dimostrazione. If m = 0, by definition O(0) = CPn⊗C and H0(O(0)) is the set
of holomorphic sections s from CPn to CPn⊗C, which since CPn is compact by
the maximum principle are constant functions on C, i.e. H0(O(0)) ' C and its
dimension is 1.
If m < 0 then O(m) is a tensor power of the universal bundle O(−1) that has
no holomorphic sections, (see for example [45, Th. 15.3] or [55, Ex.2.13, Ch.1]).
If m > 0, let s be a holomorphic section, i.e. s : CPn → O(m). Consider the
canonical atlas (Ui, φi) for CPn, with i = 0, . . . , n, Ui = {[Z0, . . . , Zn] ∈ CPn|Zi 6=
0} and
φi : Ui −→ Cn
[Z0, . . . , Zn] 7→
(Z0
Zi
, . . . ,
Zi−1
Zi
,
Zi+1
Zi
, . . . ,
Zn
Zi
)
,
and consider a local trivialization (Ui, ϕi) of O(m), with i = α. If σi and σj are
like in (1.3) for p ∈ Ui ∩ Uj, i < j we have that σi(·) = gij(·)σj(·), where in this
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case gij([Z0, . . . , Zn]) =
(
Zj
Zi
)m
(see Remark 1.3). Each of σi ◦ φ−1i , σj ◦ φ−1j is
a holomorphic function from Cn to C, thus there exists a power expansion such
that
(σi ◦ φ−1i )(z1, . . . , zn) =
+∞∑
α1,...,αn=0
aα1,...,αnz
α1
1 · · · zαnn (1.4)
and
(σj ◦ φ−1j )(z1, . . . , zn) =
+∞∑
β1,...,βn=0
bβ1,...,βnz
β1
1 · · · zβnn . (1.5)
If the point (z1, . . . , zn) ∈ φi(Ui ∩ Uj) = φj(Ui ∩ Uj) then
σi
([Z0
Zi
, . . . ,
Zi−1
Zi
, 1,
Zi+1
Zi
, . . . ,
Zn
Zi
])
= gij ([Z0, . . . , Zn])σj
([Z0
Zj
, . . . ,
Zj−1
Zj
, 1,
Zj+1
Zj
, . . . ,
Zn
Zj
])
and using the power expansions (1.4) and (1.5) we have
+∞∑
α1,...,αn=0
aα
(Z0
Zi
)α1 · · ·(Zi+1
Zi
)αi+1 · · ·(Zn
Zi
)αn
=
(Zj
Zi
)m +∞∑
β1,...,βn=0
bβ
(Z0
Zj
)β1 · · ·(Zj+1
Zj
)βj+1 · · ·(Zn
Zj
)βn
with α and β the multi-indicies α = α1, . . . , αn, β = β1, . . . , βn, which implies
Zmi
+∞∑
α1,...,αn=0
aα
(Z0
Zi
)α1 · · ·(Zi+1
Zi
)αi+1 · · ·(Zn
Zi
)αn
= Zmj
+∞∑
β1,...,βn=0
bβ
(Z0
Zj
)β1 · · ·(Zj+1
Zj
)βj+1 · · ·(Zn
Zj
)βn
.
From this last equality it follows that α1 + · · ·+ αn ≤ m and β1 + · · ·+ βn ≤ m
and the power series (1.4) and (1.5) become
m∑
α1,...,αn=0
aαZ
α1
0 · · ·Zm−α1−···−αni Zαi+1i+1 · · ·Zαnn =
m∑
β1,...,βn=0
bβZ
β1
0 · · ·Zm−β1−···−βnj Zβj+1j+1 · · ·Zβnn .
Finally, we get that an holomorphic section on O(m) can be identified with
∑
γ0+···+γn=m
cγ0,...,γnZ
γ0
0 · · ·Zγnn , (1.6)
with am−α1−···−αn,α1,...,αn−1 = bm−β1−···−βn,β1,...,βn−1 = cγ0,...,γn .
In other words, a holomorphic section of the form (1.6) can be viewed as a ho-
mogeneous polynomial of degree m in the n+ 1 complex variables Z0, . . . , Zn.
Finally, by combinatory computation the dimension of the space of homoge-
neous polynomials of degree m in n + 1 variables is
(
m+n
m
)
(see for example [27,
p.166]).
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1.2.4 Canonical bundle on CPn
Given a complex manifold M of real dimension 2n, the complex line bundle
KM := Λ
n,0M , called canonical bundle of M , is the holomorphic line bundle
whose global holomorphic sections are the n–forms on M . In particular, for CPn
we have the following characterization:
Proposition 1.5. The canonical bundle KCPn := Λn,0CPn of CPn is isomorphic
to O(−n− 1)).
Dimostrazione. Consider on CPn the canonical holomorphic atlas (Uα, φα), then
φα : Uα → Cn induces φ∗α :
pi−1(Uα) ⊂ KCPn (φ
∗
α)
−1
> Uα × Λn,0Cn
Uα ⊂ CP n
pr1<
pi| >
Cn
φα∨
so a trivialization for pi : KCPn → CPn is given by (φ∗α)−1 : pi−1(Uα)→ Uα×Λn,0Cn
and the transition functions are hαβ := (φ∗α)−1(φ∗β). Let ω := dω1∧· · ·∧dωn be the
canonical generator of Λn,0Cn and consider holomorphic coordinates on Uα ∩Uβ,
zi =
Zi
Zα
, i 6= α, and wj = ZjZβ , j 6= β. Then
φ∗α(ω) = dz0 ∧ · · · ∧ dzα−1 ∧ dzα+1 ∧ · · · ∧ dzn,
φ∗β(ω) = dw0 ∧ · · · ∧ dwβ−1 ∧ dwβ+1 ∧ · · · ∧ dwn,
and in particular we can write
dw0∧· · ·∧dwβ−1∧dwβ+1∧· · ·∧dwn = hαβdz0∧· · ·∧dzα−1∧dzα+1∧· · ·∧dzn. (1.7)
Observe that in Uα ∩ Uβ, we have
zβwα = 1, zi =
Zi
Zα
=
wiZβ
Zα
= wizβ
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for i 6= α, β and
dzi = zβdwi + widzβ, dzβ = − 1
w2α
dwα = −z2βdwα,
which gives
hαβ = (−1)α−βz−n−1β = (−1)α−β
(
Zα
Zβ
)n+1
,
after a substitution in equation (1.7).
1.2.5 Hermitian product on fiber bundles
Let pi : E → M be a complex vector bundle over M . A hermitian structure or
hermitian metric h on E is a C∞ field of hermitian inner products in the fibers
of E. In other words for all p ∈M the following holds:
• hp(λv1 + v2, w) = λhp(v1, w) + hp(v2, w) ∀v1, v2, w ∈ Ep and λ ∈ C,
• hp(v, λw1 + w2) = λ¯hp(v, w1) + hp(v, w2) ∀v, w1, w2 ∈ Ep and λ ∈ C,
• hp(v, w) = hp(w, v) ∀v, w ∈ Ep.
and h(s(·), s(·)) ∈ C∞(E × E,C) for s trivializing section of pi : E →M .
Observe that it is possible to construct a hermitian structure on every complex
vector bundle of rank r. In fact, it suffices to consider a trivialization (Uα, ϕα) on
E and a partition of the unity {fα} subordinate to the open cover {Uα} of M .
For every point p ∈ Uα denote by (Hα)p the pull-back of the hermitian metric on
Cr through ϕα|Ep . Then
∑
fαHα is a well defined hermitian metric on E.
In the following examples we write explicitly the hermitian product on the uni-
versal bundle of CP1 and on CPn, which will be useful in Chapter 3.
Example 1.6 (Hermitian product on the universal bundle of CP1). Consider the
hermitian metric h−1 on O(−1). Given two points v, w ∈ pi−1(U0) in the same
fiber, we have
h−1|U0(v, w) = h
−1
|U0
(([
1,
Z1
Z0
]
, λ
(
1,
Z1
Z0
))
,
([
1,
Z1
Z0
]
, µ
(
1,
Z1
Z0
)))
= λµ¯
(
1 +
∣∣∣∣Z1Z0
∣∣∣∣2
)
.
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Clearly, h−1 is well defined. In fact, if one consider another representation of[
1, Z1
Z0
]
, e.g. [aZ0, aZ1] ∈ U0 we have
h−1|U0
((
[aZ0, aZ1],
λ
aZ0
(aZ0, aZ1)
)
,
(
[aZ0, aZ1],
λ
aZ0
(aZ0, aZ1)
))
=
λµ¯
|a|2|Z0|2 |a|
2
(
|Z0|2 + |Z1|2
)
.
Example 1.7 (Hermitian product on the universal bundle of CPn). Analogously
to the one dimensional case, we can define hermitian products h−1, h, h−m, hm
on O(−1), O(1), O(−m) and O(m), respectively. Let p ∈ Uα ⊂ CPn, p =
[Z0, . . . , Zn], and consider two points in the same fiber v = (p, λp), w = (p, µp).
Define
h−1|Uα(v, w) = λµ¯
(∣∣∣∣Z0Zα
∣∣∣∣2 + · · ·+ 1 + · · ·+ ∣∣∣∣ZnZα
∣∣∣∣2
)
,
and in affine coordinates p = (z1, . . . , zn) =
(
Z0
Zα
, . . . , Zn
Zα
)
we get
h−1|Uα(v, w) = λµ¯
(
1 + |z1|2 + · · ·+ |zn|2
)
,
that is a well defined hermitian product on O(−1). Observe finally that on O(1)
we have h = (h−1)−1
h|Uα(v, w) =
(
λµ¯
(
1 + |z1|2 + · · ·+ |zn|2
))−1
, (1.8)
and in a similar way on O(m), hm = (h)m.
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Capitolo 2
Complex Analysis of Bergman and
Szegő kernels
In this chapter we summarize known results on complex analysis about reprodu-
cing kernels for domains in Cn and for domains of manifolds. In particular we
analyze some properties of the Bergman and Szegő kernels. For this Chapter we
refer to [33].
2.1 Bergman kernel for domains in Cn
Let Ω ⊂ Cn be a compact and bounded domain and let L2(Ω) be the set of
all holomorphic functions with finite norm on Ω. Consider the set A2(Ω) :=
L2(Ω) ∩ Hol(Ω) of all holomorphic functions f such that∫
Ω
|f |2dµ 12 <∞
where dµ is the restriction on Ω of the flat metric of Cn. The space A2(Ω) is
called the Bergman space and it is a separable 1 Hilbert space with respect to the
canonical inner product
< f, g >=
∫
Ω
fg¯dµ.
1It is a subspace of L2(Ω) that is a separable Hilbert space
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Let ϕ0, . . . , ϕj, . . . be a complete orthonormal basis of A2(Ω), then the Bergman
kernel of Ω is the function
K(z, w¯) =
+∞∑
j=0
ϕj(z)ϕj(w).
It is easy to prove that K(·, ·) does not depend on the particular orthonormal
basis chosen. Notice that if z, w are two points of Ω then K(z, w¯) = K(w, z¯) and
holds the reproducing property
f(z) =
∫
Ω
K(z, w¯)f(w)dµ
for all f ∈ A2(Ω). Moreover, K(z, w¯) is uniquely determined by these two last
properties and it is an element of A(Ω) for each w ∈ Ω. From the geometric
point of view, the Bergman kernel of a domain Ω is very interesting because it
is an invariant for biholomorphic maps in the following sense. Let Ω ⊂ Cn be a
domain and f : Ω→ Cn, f = (f1, . . . , fn) a holomorphic map, i.e. each of the fj
is holomorphic. Given z ∈ Ω denote wj = fj(z) and by
JCf =
∂(w1, . . . , wn)
∂(z1, . . . , zn)
the n × n matrix that represents the holomorphic Jacobian of f . Recall that if
f : Ω1 → Ω2 is a holomorphic map, it is a biholomorphism from Ω1 ⊂ Cn to
Ω2 ⊂ Cn if is invertible and its inverse is holomorphic, i.e. it is 1–1, onto and
det JCf(z) 6= 0 for all z ∈ Ω1.
Proposition 2.1. Let f : Ω1 → Ω2 be a biholomorphism and Ω1, Ω2 domains in
Cn. Then
KΩ1(z, w¯) = det JCf(z)KΩ2(f(z), f(w)) det JCf(w)
for all z,w ∈ Ω1.
When Ω is compact a characteristic of the Bergman kernel is that K(z, z¯) > 0.
In fact by definition we have
K(z, z¯) =
+∞∑
j=0
ϕj(z)ϕj(z) =
+∞∑
j=0
|ϕj(z)|2 ≥ 0
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and K(z, z¯) = 0 cannot be achieved due to the compactness of Ω. When Ω is not
compact, the first question that arises is when this reproducing kernel vanishes:
Conjecture 2.2 (Lu Qi-Keng). Let Ω ⊂ Cn be a simply connected domain with
smooth boundary, then the Bergman kernel of Ω is non-vanishing.
R. Greene and S. Krantz, in [25] and [26], proved that if Ω is C∞ sufficiently
close to the ball in Cn then the Bergman kernel does not vanish.
Given a domain Ω ⊂ Cn it is possible to define a hermitian metric on Ω using
the Bergman kernel K(·, ·) of Ω in the following way,
gΩαβ(z) =
∂2
∂zα∂z¯β
log(K(z, z¯)).
The metric gΩ is called the Bergman metric of Ω.
If the domain has good symmetric properties, we are able to calculate the Berg-
man kernel explicitly, for example, consider the unit ball Bn ⊂ Cn and let zj (j-
multi-index) be a complete orthogonal basis of A2(Bn). With a bit of calculation
we gets
K(z, w¯) =
n!
pin
1
(1− z · w¯)n+1 (2.1)
where z · w¯ = z1w¯1 + · · ·+ znw¯n, (see [33, p.60] for details). In general, it can be
very difficult to find an explicit expression of the Bergman kernel (also to know if
it is different from zero) for a given domain. In the case of strictly pseudoconvex
domains, the Bergman kernel can be described by a celebrated formula due to C.
Fefferman (see [22] and Theorem 2.4 below). Recall the definition of a strictly
pseudoconvex domain:
Definition 2.3. A domain Ω ⊂ Cn with smooth boundary and with ρ as defining
function (i.e. Ω = {z ∈ Cn}|ρ(z, z) > 0) is a strictly pseudoconvex domain if
∂2ρ
∂zj∂z¯k
(wj, w¯k) > 0 (2.2)
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where wj are vectors of the boundary such that
∂ρ
∂zj
wj = 0.
Fefferman’s results can be stated as follows:
Theorem 2.4 (Fefferman’s formula [22],[7]). Let Ω ⊂ Cn be a strictly pseudo-
convex domain with smooth boundary and let ρ : Ω→ R be the defining function
of Ω i.e. Ω = {z ∈ Cn|ρ(z) > 0}, with boundary ∂Ω = {z ∈ Cn|ρ(z) = 0}. Then
the Bergman kernel in the diagonal of Ω is of the form
K(z, z¯) =
a(z)
ρ(z)n+1
+ b(z) log ρ(z) (2.3)
where a and b are continuous functions on Ω and a(z)|∂Ω 6= 0. For the points
(z, w) ∈ Ω, where Ω = {|z − w| < , dist(z, ∂Ω) < } for sufficiently small
 > 0, the Bergman kernel can be written as
K(z, w¯) =
a(z, w¯)
ρ(z, w)n+1
+ b(z, w¯) log ρ(z, w) (2.4)
where a(z, w¯) b(z, w¯) and ρ(z, w) are extensions of a(z), b(z) and ρ(z) in (2.3)
such that
• ρ(z, w) is almost analytic in z and w in the sense that ∂¯zρ(z, w) and ∂wρ(z, w)
vanish to infinite order 2 at z = w,
• ρ(z, z) = ρ(z),
• the same holds for a(z, w¯) and b(z, w¯).
This theorem tells us that although we are not able to calculate explicitly the
Bergman kernel, we know that it can be represented in a elegant way. In particu-
lar, observe that the Bergman kernel of the n–dimensional ball is in Fefferman’s
form, without the logarithmic part (see eq. (2.1)). This characteristic is very
important and we give the following definition
2i.e. A function f : Ω→ R vanishes to infinite order if ∂kz f(z, w)|z=w = 0 for all k ∈ N.
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Definition 2.5. The log–term of the Bergman kernel K(z, w¯) vanishes if the
function b in (2.4) is identically zero.
There are several questions related to the previous observation, the first one
is considered by the celebrated Ramadanov’s Conjecture.
Conjecture 2.6 (Ramadanov [47]). Let Ω be a strictly pseudoconvex bounded
domain in Cn with smooth boundary. If the log–term of the Bergman kernel is
zero then Ω is biholomorphically equivalent to the unit ball B ⊂ Cn.
Observe that when Ω is a complete Reinhardt domain in Cn, Nakazawa, in
[46], proved that the conjecture holds true. Moreover, it was proved to be true
for any strictly pseudoconvex domain in C2 in [23] and for rotationally invariant
domains in [28].
Remark 2.7. When we deal with complex manifolds instead of a complex do-
mains in Cn, we can still define the Bergman kernel and the Bergman metric.
Throughout this thesis, we will not make any use of these concept. The interested
reader is referred to [34].
2.2 Szegő kernel of domains in Cn
In a similar way, we can define another reproducing kernel, (that is not invariant
by biholomorphism) called the Szegő kernel.
Let Ω ⊂ Cn be a compact bounded domain with smooth boundary ∂Ω (or
such that it fails to be smooth in a set of points of measure zero) and consider
the Hilbert space H2(∂Ω), that is the L2(∂Ω) closure of the set of all continuos
functions defined on Ω¯ that are holomorphic on Ω, restricted to ∂Ω. The space
H2(∂Ω) is called the Hardy space of ∂Ω. The space H2(∂Ω) is a Hilbert space
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with respect to the inner product
< f, g >=
∫
∂Ω
fg¯dσ,
where dσ is the volume form on ∂Ω induced by Ω ⊂ Cn. Consider in H2(Ω)
a complete orthonormal basis ψ0, . . . , ψj, . . . with respect to < ·, · >, then the
Szegő kernel of Ω is the smooth function
S(z, w¯) =
+∞∑
j=0
ψj(z)ψj(w).
It is easy to prove that the Szegő kernel does not depend on the particular
orthonormal basis chosen. Moreover, given two points z, w ∈ Ω, the reproducing
property formula
f(z) =
∫
∂Ω
S(z, w¯)f(w)dσ
holds for all f ∈ H2(∂Ω).
The analogue of the Fefferman’s formula holds true also for the Szegő kernel
(see [22] and [6] for references):
Theorem 2.8. Let Ω ⊂ Cn be a strictly pseudoconvex domain with smooth boun-
dary and let ρ : Ω→ R be the defining function of Ω i.e. Ω = {z ∈ Cn|ρ(z) > 0}
with boundary ∂Ω = {z ∈ Cn|ρ(z) = 0} such that ∂ρ
∂zj
6= 0 on ∂Ω. Then the Szegő
kernel in the diagonal of Ω is of the form
S(z, z¯) = a(z)
ρ(z)n
+ b(z) log ρ(z) (2.5)
where a and b are continuous functions on Ω and a(z)|∂Ω 6= 0. For the points
(z, w) ∈ Ω, where Ω = {|z − w| < , dist(z, ∂Ω) < } for sufficiently small
 > 0, the Szegő kernel can be written as
S(z, w¯) = a(z, w¯)
ρ(z, w)n
+ b(z, w¯) log ρ(z, w) (2.6)
where a(z, w¯), b(z, w¯) and ρ(z, w) are extensions of a(z) b(z) and ρ(z) in (2.5)
such that
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• ρ(z, w) is almost analytic in z and w¯ in the sense that ∂¯zρ(z, w) and ∂wρ(z, w)
vanish to infinite order at z = w,
• ρ(z, z) = ρ(z),
• the same holds for a(z, w¯) and b(z, w¯).
Analogously to the Bergman kernel case, we have the following definition:
Definition 2.9. The log–term of the Szegő kernel S(z, w¯) is said to vanish if the
function b in (2.6) is identically zero.
2.3 Szegő kernel of domains on manifolds
In this section we define the Szegő kernel of a domain Ω ⊂M .
Let Ω be a relatively compact domain on a complex manifold M of dimension
n. Consider a contact form α on ∂Ω 3 (we are assuming that ∂Ω is smooth, or
fails to be smooth in a set of points of measure zero) and consider the induced
volume form α ∧ (dα)n−1. Let H2(∂Ω, α) be the Hardy space obtained from the
closure in L2(∂Ω) of the restricted functions f that are holomorphic on Ω. The
space H2(∂Ω, α) is a Hilbert space with respect to
< f, f >=
∫
∂Ω
|f |2α ∧ (dα)n−1.
Pick in H2(∂Ω, α) an orthonormal basis ψ0, . . . , ψj, . . . with respect to < ·, · >.
Then the Szegő kernel of Ω is the function:
S(z, w¯) =
+∞∑
j=0
ψj(z)ψj(w).
It is easy to prove that the Szegő kernel does not depend on the particular
orthonormal basis chosen and as in the Cn case, it is the reproducing kernel of
H2(∂Ω, α). If Ω is a strictly pseudoconvex domain and ρ is its defining function,
then holds the Fefferman’s formula (2.5) (see [22] and [6]).
3Recall that a contact form α on ∂Ω is a differential 1–form such that α ∧ (dα)n−1 6= 0.
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Capitolo 3
On a conjecture of Z. Lu and G.
Tian
In this chapter we introduce the Kempf distortion function for a compact manifold
M and its complete asymptotic expansion. Then we analyze the close relationship
between this expansion and the Szegő kernel of a particular domain constructed
on the line bundle L∗ of M.
3.1 The TYZ expansion on compact manifolds
Definition 3.1. Given a holomorphic line bundle pi : L → M over a complex
manifold M we say that L is a positive line bundle if the first Chern class of L
is exactly the class of a Kähler form ω on M , that is c1(L) = [ω].
Let (L, h) be a holomorphic line bundle on M , we can associate to h a (1, 1)–
form on M that locally reads
Ric(h)|U := −
i
2
∂∂¯ log(h(σ(x), σ(x))),
for a trivializing section σ : U → L \ {0}. In general ω = Ric(h) is a closed form
which is also Kähler when L is positive.
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Given a positive line bundle (L, h) with h a hermitian product on L, we say
that (L, h) is a polarization for (M,ω) if Ric(h) = ω and ω is a Kähler form.
Observe that the existence of such a hermitian product on L is guaranteed by
the positivity of L and is also equivalent to requiring that ω is an integral form.
Remark 3.2. The Kähler form ωFS on CPn defined in (1.2) is exactly Ric(hFS)
where is hFS := h defined in (1.8).
Let L → M be a positive holomorphic line bundle over a compact Kähler
manifold (M,ω) of dimension n and let s = {s0, . . . , sN} be a basis of H0(M,L),
the space of global holomorphic sections of L. Compactness of M ensure that
dimH0(M,L) = N + 1.
Let is : M → CPN be the Kodaira map associated to the basis s (see, e.g.
[27]), namely is : M → CPN for a trivializing section σ : U → L \ {0} is given
by:
is(x) =

s0(x)
...
sN(x)
 , x ∈M, (3.1)
where sj = fjσ, j = 0, . . . , N . Here the square bracket denotes the equivalence
class in CPN . Note that, if we consider another trivializing section, say τ : V →
L, then σ = h · τ with h : U ∩ V → C holomorphic function. For each section
sj ∈ H0(L) we have sj = fjσ = fjh · τ = gjτ , so gj = fj · h and represents the
same point is(x) in CPN . This map is induced by
ϕσ : U −→ CN
x 7→ (f0(x), . . . , fN(x)).
(3.2)
It is clear that if we consider another trivializing section, for example ϕτ , this
map is different from ϕσ but it induces the same Kodaira map.
The well known Kodaira Theorem can be summarized as follows:
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Theorem 3.3 (Kodaira). A compact complex manifold M admits a positive line
bundle L → M if and only if there exists a sufficiently large m such that is is a
holomorphic embedding of M in CPdimH
0(Lm)−1.
Dimostrazione. For a complete proof we refer to [50, Ch.VI, p.234].
The holomorphic embedding is of Theorem 3.3 is called Kodaira embedding.
Remark 3.4. The universal bundle O(−1) for CPn is a negative line bundle (it is
the dual of a positive line bundle O(1)). From Proposition 1.4 we know that the
universal bundle has no holomorphic sections and then it is not possible to apply
Theorem 3.3. On the contrary, if one consider the line bundle O(m) for CPn we
have that dimH0(O(m)) = (m+n
n
)
and in this case the Kodaira embedding is
is : CP
n −→ CP(m+nn )−1
[Z0, . . . , Zn] 7→ [Zj00 · · ·Zjnn , . . . , Zj00 · · ·Zjnn ]
with j0 + · · · + jn = m. This map is called the Veronese map and the pull back
of ωFS on CP(
m+n
n )−1 with the Veronese map is exactly the Fubini-Study form of
CPn.
In general, given a complex manifold (M,ω) with a polarization (L, h), the
pull back of the Fubini–Study form through the Kodaira embedding is not equal
to the form ω = Ric(h), but it is in the same cohomology class as ωFS, i.e.
i∗s(ωFS) ∼ ω. More precisely, if (Lm, hm) is the holomorphic line bundle over
the compact manifold (M,ω) where hm(·) = h(·)m and Ric(hm) = mω, define in
H0(Lm) the hermitian product
< s, t >m=
∫
M
hm(s(x), t(x))
ωn
n!
(x)
for s, t ∈ H0(Lm). Let dimH0(Lm) = Nm+1 be the dimension of H0(Lm) and let
sm = (sm0 , . . . , s
m
Nm
) be an orthonormal basis of H0(Lm) with respect to < ·, · >m.
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Then the Kempf distortion function is the smooth function Tm(x) ∈ C∞(M,R+)
defined by
Tm(x) :=
Nm∑
j=0
hm(s
m
j (x), s
m
j (x)). (3.3)
Observe that in general
∫
M
Tm(x)
ωn
n!
= Nm + 1. (3.4)
The function Tm is known in the literature by different names, for examples in [48]
it’s called η−function by Rawnsley, and later renamed θ−function in [8]. In [30]
Kempf called Tm as distortion function and it is also called distortion function by
Ji [29] for abelian varieties and by Zhang in [63] for complex projective varieties.
It coincides with the diagonal of the Bergman kernel on Lm associated to hm and
thus is also frequently called Bergman kernel in the literature (see, for example,
[42]).
The Kodaira embedding constructed using the orthonormal basis sm, (crf.
with (3.1) where the basis is not necessarily orthonormal) is given by
ism(x) =

sm0 (x)
...
smNm(x)
 , x ∈M, (3.5)
and it is called coherent states map. Moreover, we have that
i∗sm(ωFS) = mω +
i
2
∂∂¯ log Tm,
as it can be easily seen recalling that the Kodaira embedding ism is induced by
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ϕσ as in (3.2) (with σ : U → L\{0} trivializing section) and thus locally we have
i∗sm(ωFS)|U =
i
2
∂∂¯ log(|f0|2 + · · ·+ |fNm|2)
=mω −mω + i
2
∂∂¯ log(|f0|2 + · · ·+ |fNm|2)
=mω +
i
2
∂∂¯ log(hm(σ(x), σ(x))) +
i
2
∂∂¯ log(|f0|2 + · · ·+ |fNm|2)
=mω +
i
2
∂∂¯ log(hm(σ(x), σ(x))(|f0|2 + · · ·+ |fNm |2))
=mω +
i
2
∂∂¯ log Tm(x).
(3.6)
Here we are using the fact that in the trivializing open set U the Kempf distortion
function reads
Tm(x) =
Nm∑
j=0
hm(s
m
j (x), s
m
j (x)) =
Nm∑
j=0
hm(σ(x), σ(x))(fj(x), fj(x)) =
=hm(σ(x), σ(x))(|f0|2 + · · ·+ |fNm |2).
We say that mω is projectively induced via the coherent states map if and only
if ∂∂¯Tm is zero, i.e. if and only if Tm is constant, since M is compact.
Definition 3.5. Let (L, h) be a polarization of a Kähler manifold (M,ω) with
Ric(h) = ω. We say that ω is balanced if and only if the Kempf distortion function
T1 of M is constant.
Thanks to this definition, we can say that a compact manifold is projectively
induced via the coherent state map if and only if it is balanced.
Definition 3.6. A bundle (L, h) of a manifold (M,ω) with Ric(h) = ω is called
a regular quantization if Tm is constant for all m > 0.
If (L, h) is a regular quantization of the compact Kähler manifold (M,ω) we
have the following result
Proposition 3.7. If (L, h)→ (M,ω) is a positive line bundle and (L, h) a regular
quantization then
Tm(x) =
dimH0(Lm)
Vol(M)
.
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Dimostrazione. Consider the integral∫
M
Tm(x)
ωn
n!
,
that from (3.4) is equal to dimH0(Lm). Since Tm(x) is constant for all m > 0,
then
dimH0(Lm) =
∫
M
Tm(x)
ωn
n!
= Tm(x)
∫
M
ωn
n!
= Tm(x)Vol(M)
that is the assertion.
In the following example apply Prop. 3.7 to compute Tm(x) for CPn.
Example 3.8. Consider (CPn, ωFS) with (O(m), hmFS) (see Remark 3.2 and equa-
tion (1.8)). By Prop.1.4 we have dimH0(O(m)) = (m+n
m
)
. Further Vol(CPn) =∫
CPn
ωnFS
n!
= 4pi
n
n!
, thus
Tm(x) =
(
m+n
m
)
4pin
.
In general, there are Kähler metrics that are not projectively induced via the
coherent state map, but whenM is compact, Tian [52] and Ruan [51] proved that
any polarized metric (ω = Ric(h)) is the C∞–limit of a sequence of normalized
and projectively induced Kähler metrics. Zelditch in [59] generalized Tian and
Ruan theorem proving the existence of a complete asymptotic expansion.
Theorem 3.9 (Zelditch’s). There is a complete asymptotic expansion
Tm(x) ∼ a0(x)mn + a1(x)mn−1 + a2(x)mn−2 . . . (3.7)
with aj(x) smooth and a0(x) = 1. Asymptotic expansion means that for m→ +∞∥∥∥∥∥Tm(x)−
k∑
j=0
aj(x)m
n−j
∥∥∥∥∥
Cr
≤ Ck,rmn−k−1,
where Ck,r is a constant depending on k and r, and on the Kähler form ω.
Moreover || · ||Cr is the Cr norm in local coordinates.
30
This asymptotic expansion is called Tian–Yau–Zelditch expansion or briefly
TYZ expansion.
Another important result is due to Zhiqin Lu [40] who through Tian’s peak
method proved that each aj in (3.7) can be found with finitely many steps of
algebraic computations, more precisely
Theorem 3.10 (Lu). Each of the coefficients aj of the TYZ expansion is a
polynomial of the curvature and its covariant derivatives at x of the metric g of
the manifold. In particular, the first three coefficients read
a1 =
1
2
Scal,
a2 =
1
3
∆Scal +
1
24
(|R|2 − 4|Ric|2 + 3Scal2),
a3 =
1
8
∆∆Scal +
1
24
divdiv(R,Ric)− 1
6
divdiv(Scal,Ric) +
1
48
∆(|R|2 − 4|Ric|2 + 8Scal2)
+
1
48
Scal(Scal2 − 4|Ric|2 + |R|2) + 1
24
(σ3(Ric)− Ric(R,R)−R(Ric,Ric)),
where R, Ric and Scal represent the curvature tensor, the Ricci curvature and
the scalar curvature of the metric of M , and ∆ is the Laplacian of M .
See examples 3.11 and 3.12 below for the definition of each element in the
previous expressions of a1, a2 and a3.
Observe that such coefficients can be computed also using a recursive formula
written in terms of Calabi’s diastasis function (see [36], [37] and references therein
for details). In the following examples, we calculate explicitly the first coefficients
of the TYZ expansion for (O(1), hFS) over (CP1, ωFS) and over (CP2, ωFS):
Example 3.11. Consider (CP1, ωFS) with polarization (O(1), hFS) such that
ωFS = Ric(hFS), (see Remark 3.2). By (1.2) we have locally
ωFS |U0 =
i
2
∂∂log(1 + |z|2),
and in particular
g11¯ =
∂2
∂z1∂z¯1
log(1 + |z|2) = 1
(1 + |z|2)2 ,
31
g11¯ := g−1
11¯
= (1 + |z|2)2.
The only Christoffel symbol for CP1 is Γ111 = g11
∂g11
∂z
that reads
Γ111 = −
2z
1 + |z|2 .
The curvature tensor for a Kähler manifold of dimension 1 is
R1111 =
∂2g11
∂z∂z
− g11∂g11
∂z
∂g11
∂z
,
that in our case gives
R11¯11¯ = − 2
(1 + |z|2)4 .
The Ricci curvature tensor is
Ric11¯ = −g11¯R11¯11¯ = 2
(1 + |z|2)2
and the scalar curvature as the trace of the Ricci curvature is
Scal = g11¯Ric11¯ = 2.
In order to compute a1 and a2 we also need |R|2 and |Ric|2 that must be the same
for all points of CP1 so we calculate them in (1, z) = (1, 0) that reads
|R|2 = 4 and |Ric|2 = 4,
while ∆Scal = 0. Then we have
a1 =
1
2
Scal = 1,
a2 =
1
3
∆Scal +
1
24
(|R|2 − 4|Ric|2 + 3Scal2) = 1
24
(4− 16 + 12) = 0.
Example 3.12. Consider (CP2, ωFS) with (O(1), hFS) (see Remark 3.2). By
equation (1.2)) (note that in this case ωFS = Ric(hFS) is the Fubini-Study form
on CP2) we have locally ωFS |U0 =
i
2
∂∂log(1 + |z1|2 + |z2|2).
The matrix of the metric g associated to ωFS reads
(
gαβ
)
=
1
(1 + |z|2)2
1 + |z2|2 −z1z2
−z1z2 1 + |z1|2
 ,
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with inverse (
gαβ
)
= (1 + |z|2)
1 + |z1|2 z1z2
z1z2 1 + |z2|2
 .
In our notation the Christoffel symbols are Γijk =
∑n
s=1 g
si ∂gks
∂zj
and in particular
for CP2, the only symbols different from 0 are:
Γ112 = Γ
1
21 = −
z2
1 + |z|2 , Γ
2
12 = Γ
2
21 = −
z1
1 + |z|2 , Γ
1
11 = −
2z1
1 + |z|2 , Γ
2
22 = −
2z2
1 + |z|2 .
The curvature tensor is defined as
Rijkl =
∂2gij
∂zk∂zl
−
n∑
p=1
n∑
q=1
gpq
∂giq
∂zk
∂gpj
∂zl
,
or
Rij¯kl¯ =
n∑
s=1
gsl¯R
s
ij¯k,
where Rlij¯k = −
∂Γlik
∂z¯j
. In CP2 the only not zero elements are the following
R11¯11¯ = −2(1 + |z2|
2)2
(1 + |z|2)4 , R22¯22¯ = −
2(1 + |z1|2)2
(1 + |z|2)4 ,
R12¯11¯ = R11¯12¯ =
2z¯1z2(1 + |z2|2)
(1 + |z|2)4 , R11¯21¯ = R21¯11¯ =
2z1z¯2(1 + |z2|2)
(1 + |z|2)4 ,
R12¯21¯ = R21¯12¯ = R22¯11¯ = R11¯22¯ = −|z1|
2|z2|2 + (1 + |z1|2)(1 + |z2|2)
(1 + |z|2)4
R12¯22¯ = R22¯12¯ =
2z¯1z2(1 + |z1|2)
(1 + |z|2)4 , R21¯22¯ = R22¯21¯ =
2z1z¯2(1 + |z1|2)
(1 + |z|2)4 ,
R12¯12¯ = − 2z¯
2
1z
2
2
(1 + |z|2)4 , R21¯21¯ = −
2z21 z¯
2
2
(1 + |z|2)4 .
The Ricci curvature tensor reads
Ricij¯ = −
n∑
k,l=1
gkl¯Rij¯kl¯
and the scalar curvature (i.e. the trace of the Ricci curvature) is
Scal =
n∑
i,j=1
gij¯Ricij¯ = 6.
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In order to compute a1, a2 and a3 we also need
|R|2 =
n∑
i,j,k,l,p,q,r,s=1
gip¯gjq¯gkr¯gls¯Rij¯kl¯Rpq¯rs¯
and |Ric|2 =
n∑
i,j,k,l=1
gik¯gjl¯Ricij¯Rickl¯,
which in CP2 are constant and respectively equal to 12 and 18,
|D′Scal|2 =
∑
i,j=1n
gij¯
∂Scal
∂zi
∂Scal
∂z¯j
,
|D′Ric|2 =
n∑
i,j,k,l,m=1
gik¯gjl¯Ricij¯,mRickl¯,m,
where Ricij¯,k =
∂Ricij¯
∂zk
−∑ns=1 ΓsikRicsj¯,
|D′R|2 =
n∑
i,j,k,l,p,q,r,s,t=1
gip¯gjq¯gkr¯gls¯Rij¯kl¯,tRpq¯rs¯,t,
where Rij¯kl¯,p =
∂Rij¯kl¯
∂zp
−∑ns=1 ΓsipRsj¯kl¯ −∑ns=1 ΓskpRij¯sl¯ that in CP2 are all equal
to 0. Recall that the Laplacian is defined as ∆ =
∑n
i=1
∑n
j=1 g
ij¯ ∂2
∂zi∂z¯j
.
We need to compute also
divdiv(Scal,Ric) = 2|D′Scal|2 +
n∑
i,j=1
Ricij¯
∂2Scal
∂zi∂z¯j
+ Scal∆Scal,
divdiv(R,Ric) = −
n∑
i,j=1
Ricij¯
∂2Scal
∂zi∂z¯j
−2|D′Ric|2+
n∑
i,j,k,l,p,q,r=1
gip¯Rpi¯kq¯g
qk¯gir¯Ricrj¯,kl¯−R(Ric,Ric)−σ3(Ric),
which for CP2 are divdiv(Scal,Ric) = 0 and divdiv(R,Ric) = 0.
Finally
Ric(R,R) =
2∑
i,j,k,l,p,q,r,s,t,u=1
gilRicljg
jrRrkpsg
sqgktRtiqug
up,
R(Ric,Ric) =
2∑
i,j,k,l,p,q,r,s=1
gipRpjkqg
qlgjrRicrig
skRicls,
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σ3(Ric) =
n∑
a,b,c,i,j,k=1
gia¯Ricaj¯g
jb¯Ricbk¯g
kc¯Ricc¯i,
which in CP2 are Ric(R,R) = 36, R(Ric,Ric) = −54 e σ3(Ric) = 54.
Concludingly, the coefficients are
a0 = 1,
a1 =
1
2
Scal = 3,
a2 =
1
3
∆Scal +
1
24
(|R|2 − 4|Ric|2 + 3Scal2) = 2,
a3 =
1
8
∆∆Scal +
1
24
divdiv(R,Ric)− 1
6
divdiv(Scal,Ric)+
+
1
48
∆(|R|2 − 4|Ric|2 + 8Scal2) + 1
48
Scal(Scal2 − 4|Ric|2 + |R|2)
+
1
24
(σ3(Ric)− Ric(R,R)−R(Ric,Ric))
=
1
48
6(36− 72 + 12) + 1
24
(54− 36 + 54) = −24
8
+
36
12
= 0.
Observe that in these two examples, we find that the coefficient an+1 of the
TYZ expansion is zero, where n is the dimension of the complex projective space.
We will illustrate in the following that this is not a particular case, but can be
generalized to any compact Kähler manifold M that admits a polarization and
for which the log–term of the disk bundle of the dual of the positive line bundle
is zero.
Before proving this result, we introduce the notion of disk bundle and its
relationship with the Kempf distortion function of the manifold M.
3.1.1 Disk bundle
In this section, we want to define the Szegő kernel for a particular domain of the
holomorphic vector bundle on the manifold M .
Let (L∗, h∗) be the dual bundle of (L, h) over (M,ω) such that Ric(h∗) = −ω.
A disk bundle is a subset Dh = {v ∈ L∗|h∗(v, v) < 1} of L∗ and Xh = ∂Dh =
{v ∈ L∗|h∗(v, v) = 1} is a unit circle bundle.
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If the line bundle (L, h) is also a polarization of (M,ω) (i.e Ric(h) = ω with
ω Kähler) we have the following
Theorem 3.13. Let Dh ⊂ L∗ be the disk bundle of (L∗, h∗), dual bundle of a
polarization (L, h) of (M,ω). Then Dh is a strictly pseudoconvex domain.
Dimostrazione. Clearly the defining function of Dh is ρ(v, v) = 1 − h∗(v, v) =
1 − h−1(v, v), but if v is a vector on (pi∗)−1(z1, . . . , zn) then it is of the form
v = (v1, . . . , vn+1) = (z1, . . . , zn, α) (α ∈ C∗), so ρ(v, v) = (1 − |α|2 h−1(z, z)).
From Definition 2.3 we need to prove that ∂
2ρ
∂vj∂v¯k
((wj, β), (w¯k, β¯)) > 0 holds for
boundary points v′ = (w1, . . . , wn, β) such that ∂ρ∂vj (w, β) = 0. Recall that for a
trivializing section σ : U → L∗ \ 0 we have
Ric(h)|U = ω =
i
2
∂∂¯ log h−1(σ(z), σ(z))
that is positive defined so
0 > ∂∂¯ log h−1 = h2
(
∂2h−1
∂zj∂z¯k
· h−1 − ∂h
−1
∂zj
∂h−1
∂z¯k
)
= h
( ∂2h−1
∂zj∂z¯k
− h∂h
−1
∂zj
∂h−1
∂z¯k
)
.
(3.8)
The quantity ∂
2ρ
∂vj∂v¯k
((wj, β), (w¯k, β¯)) locally reads
(
w β
) ∂2ρ∂zj∂z¯k ∂2ρ∂zj∂α¯
∂2ρ
∂α∂z¯k
∂2ρ
∂α∂α¯
w¯
β¯
 ,
that is (
w β
)− |α|2 ∂2h−1∂zj∂z¯k −α∂h−1∂zj
−α¯∂h−1
∂z¯k
−h−1,
w¯
β¯
 .
Now expanding (
w β
)− |α|2 ∂2h−1∂zj∂z¯k w¯k − α∂h−1∂zj β¯
−α¯∂h−1
∂z¯k
w¯k − h−1β¯
 ,
we need to evaluate if
∂2ρ
∂vj∂v¯k
((wj, β), (w¯k, β¯)) = − |α|2 ∂
2h−1
∂zj∂z¯k
wjw¯k−α∂h
−1
∂zj
wjβ¯− α¯∂h
−1
∂z¯k
w¯kβ−h−1ββ¯
(3.9)
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is positive. Using the condition on the boundary points we have locally
∂ρ
∂zj
wj +
∂ρ
∂α
β = 0 =⇒ −|α|2 ∂h
−1
∂zj
wj − α¯h−1β = 0,
which implies the two relations
α
∂h−1
∂zj
wj + h
−1β = 0,
α¯
∂h−1
∂z¯k
w¯k + h
−1β¯ = 0.
Thus
h−1β = −α∂h
−1
∂zj
wj,
h−1β¯ = −α¯∂h
−1
∂z¯k
w¯k,
(3.10)
and multiplying the two equations we have
h−2 |β|2 = |α|2 ∂h
−1
∂zj
wj
∂h−1
∂z¯k
w¯k. (3.11)
Now using both of (3.10) in (3.9) we get that
∂2ρ
∂vj∂v¯k
((wj, β), (w¯k, β¯)) =− |α|2 ∂
2h−1
∂zj∂z¯k
wjw¯k − α∂h
−1
∂zj
wjβ¯ − α¯∂h
−1
∂z¯k
w¯kβ − h−1|β|2
=− |α|2 ∂
2h−1
∂zj∂z¯k
wjw¯k + h
−1|β|2 + h−1|β|2 − h−1|β|2
=− |α|2 ∂
2h−1
∂zj∂z¯k
wjw¯k + h
−1|β|2,
(3.12)
and multiplying by h|β|2 and its inverse and using (3.11)
h
(
−h−1 |α|2 |β|2 ∂
2h−1
∂zj∂z¯k
wjw¯k + h
−2 |β|4
)
|β|−2
= h
(
−h−1|α|2|β|2 ∂
2h−1
∂zj∂z¯k
wjw¯k + |α|2|β|2∂h
−1
∂zj
wj
∂h−1
∂z¯j
w¯k
)
|β|−2
= |α|2
(
− ∂
2h−1
∂zj∂z¯k
wjw¯k + h
∂h−1
∂zj
wj
∂h−1
∂z¯j
w¯k
)
,
(3.13)
which is positive, because equation (3.8) is true and (L, h) is a positive line
bundle.
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3.1.2 Szegő kernel of the disk bundle
Now we can define the Szegő kernel of the disk bundle on a manifold (M,ω) and
by Theorem 3.13 we ensure that this kernel is of the form given by Fefferman’s
formula in (2.5), (see also [6]).
Consider the separable Hilbert space H2(Xh) defined as the closure in L2(Xh)
of the set given by the restrictions to Xh of the continuous functions in Dh that
are holomorphic in Dh (see [6] and [59] for references). Let dµ = α ∧ (dα)n be
the natural measure on Xh where α = −i∂ρ|Xh = i∂¯ρ|Xh is the contact form on
Xh associated to the strictly pseudoconvex domain Dh (observe that Dh ⊂ L∗
is a domain of dimension n + 1). Let ψ0, . . . , ψj, . . . be an orthonormal basis of
H2(Xh) with respect to
< ψ,ψ >=
∫
Xh
|ψ|2dµ.
Then on the diagonal of Dh ×Dh, the Szegő kernel of Dh is the function
S(v, v¯) =
+∞∑
j=0
ψj(v)ψj(v).
From Theorem 3.13 we know that the disk bundle Dh ⊂ L∗ is a strictly pseudo-
convex domain with smooth boundary and by Theorem 2.8, Fefferman’s formula
(2.5) holds for Dh, i.e. there exist functions a and b continuous on D¯h and with
a 6= 0 on Xh such that:
S(v) = a(v)
ρ(v)n+1
+ b(v) log ρ(v), (3.14)
where n+ 1 is the dimension of Dh ⊂ L∗ and we write S(v) := S(v, v¯).
We have seen that the study of the log–term of the Bergman kernel is related
to an important conjecture (for example Ramadanov’s Conjecture 2.6). A cor-
responding conjecture for the Szegő kernel of the disk bundle was formulated by
M. Engliš and G. Zhang in [17], inspired by the paper [41] of G. Tian and Z. Lu.
More precisely, they asked if the vanishing of the log–term of the Szegő kernel
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of the disk bundle of a simply connected Kähler manifold implies that the circle
bundle (Xh in our notation) is diffeomorphic to the sphere or at least locally CR
equivalent to the sphere. In [17], Engliš and Zhang showed with a counterexam-
ple that the conjecture is false for both the diffeomorphic and the CR equivalent
case. In the first case, they considered the tensor power of the tautological bundle
O(−1) over the complex projective space, namely the line bundle L∗ = O(−m)
over CPn: in fact in this case the Szegő kernel of the disk bundle DhFS ⊂ O(−m)
has no log-term (cfr. (3.21) below), but XhFS , being the lens space S2n+1/Zm,
is not diffeomorphic to S2n+1 for m > 1, but it is CR equivalent to S2n+1 (see
[17] for details). For the locally CR equivalence case, they considered compact
symmetric spaces of higher rank whose disk bundles have vanishing log–terms,
but they are not locally spherical at any point (nor diffeomorphic to S2n+1).
In a recent paper [4], C. Arezzo, A. Loi and F. Zuddas generalized these results
by showing that the disk bundles over homogeneous Hodge manifolds form an in-
finite family of strictly pseudoconvex domains (also smoothly bounded) for which
the log–term vanishes but are not locally CR equivalent to the sphere.
Now we want to show the reason for considering this particular Szegő kernel
and the relationship with the Kempf distortion function. Consider the disk bundle
Dh of the dual (L∗, h∗) of a positive hermitian line bundle (L, h) and let H2(Xh)
be the Hardy space of holomorphic functions on Dh. It is possible to prove that
the volume form dµ can be written as dµ = dθ ∧ pi∗(ωn), where pi : L∗ → M , pi∗
is the pull back through pi and dθ is the canonical S1–invariant volume form on
Xh (see [59, p.6] for more details). By the S1–action, the space H2(∂D) splits
into several parts with finite dimension. First of all, there exists a function
∧ : H0(Lm)→ H2(Xh)
s 7→ sˆ(v) := v⊗ms(x)
(3.15)
where x = pi(v) and clearly if λ ∈ C∗ we have sˆ(λv) = λmv⊗ms(x) = λmsˆ(v).
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Let H2m(Xh) := {f ∈ H2(Xh) | f(λv) = λmf(v)}. Then sˆ ∈ H2m(Xh) and the
restriction of (3.15) to H2m(Xh) becomes an isometry with respect to∫
Xh
sˆ(v)tˆ(v)dµ =
∫
M
hm(s(x), t(x))
ωn
n!
.
Thanks to the isometry, ifM is compact, the space H2m(Xh) has finite dimension,
in particular dimH2m(Xh) = dimH0(Lm) = Nm + 1. Moreover, to an orthonor-
mal basis sm = sm0 , . . . , smNm of H
0(Lm) there corresponds an orthonormal basis
∧sm = sˆm0 , . . . , sˆmNm of H2m(Xh). From the Fourier decomposition of H2(Xh) into
irreducible factors, we have
H2(Xh) =
+∞⊕
m=0
H2m(Xh)
by the S1–action on Xh.
We need the following lemma
Lemma 3.14. Let s, t ∈ H0(Lm). Then
sˆ(v)tˆ(v) = (h∗(v, v))mhm(s(x), t(x))
where x = pi(v).
Dimostrazione. If v ∈ L∗ then v = ασ∗(x) where σ∗ : M → L∗ is a global
holomorphic frame of H0(L∗). A section on H0(Lm) can be written as s(x) =
fms σ(x)
m, t(x) = fmt σ(x)m where σ : M → L is a global holomorphic frame of
H0(L).
The product sˆ(v)tˆ(v) reads
sˆ(v)tˆ(v) =sˆ(ασ∗(x))tˆ(ασ∗(x)) = |α|2msˆ(σ∗(x))tˆ(σ∗(x))
def
= |α|2mσ∗(x)⊗ms(x)σ∗(x)⊗m t(x)
=|α|2mσ∗(x)⊗mσ∗(x)⊗mfms σ(x)mfmt σ(x)m
=|α|2mfms fmt h∗(σ∗(x), σ∗(x))mh(σ(x), σ(x))m
=(h∗(v, v))mhm(s(x), t(x)),
as wished.
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If one considers the orthogonal projections of the Szegő kernel onto each
H2m(Xh) we have that the Szegő kernel for H2(Xh) is the sum of all projections
of the Szegő kernels onto H2m(Xh), that is
S(v) =
+∞∑
m=0
Sm(v) =
+∞∑
m=0
Nm∑
j=0
sˆmj (v)sˆ
m
j (v) (3.16)
where sˆm0 , . . . , sˆmNm is an orthonormal basis for H
2
m(Xh), x = pi(v), v ∈ L∗ and
Sm(v) is the projection on of S(v) on H2m. Using Lemma 3.14 we have
S(v) =
+∞∑
m=0
Nm∑
j=0
sˆmj (v)sˆ
m
j (v) =
+∞∑
m=0
Nm∑
j=0
(h∗(v, v))mhm(smj (x), s
m
j (x))
=
+∞∑
m=0
(h∗(v, v))mTm(x),
(3.17)
and comparing with (3.16) gives
Sm = (h∗(v, v))mTm(x), (3.18)
where Tm(x) is the Kempf distortion function on M defined in (4.2).
Remark 3.15. Observe that from (3.18) it follows that if the Kempf distortion
function Tm of M admits an asymptotic expansion as in (3.7) and if for example
h∗(v, v) < 1 then also the projection Sm(x) does.
If (L, h) is a regular quantization for (M,ω) (i.e for all m > 0 the function
Tm(x) is constant) then we have already seen (Prop. 3.7) that
Tm(x) =
dimH0(Lm)
Vol(M)
.
In this case the Szegő kernel becomes
S(v) =
+∞∑
m=0
(h∗(v, v))m
dimH0(Lm)
Vol(M)
. (3.19)
So we are ready to prove the following (see [4])
Theorem 3.16 (C. Arezzo, A. Loi, F. Zuddas). Let (L, h) be a regular quanti-
zation and let Dh = {v ∈ L∗ | ρ(v, v) = 1− h∗(v, v) > 0} ⊂ L∗ be the disk bundle
of M . Then the log–term of the Szegő kernel of Dh is zero.
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Dimostrazione. First of all, observe that it is possible to extend h∗(v, v) to
h∗(v, v¯′) for all v, v′ ∈ Dh × D¯h except for a subset of Dh × D¯h of measu-
re zero and h∗(v, v¯′) is well defined by the Cauchy-Schwarz inequality. From
the Riemann–Roch Theorem, for m  1 dimH0(Lm) is a monic polynomial
mn + an−1mn−1 + · · ·+ a1m+ a0. Thus
dimH0(Lm) =
n∑
k=0
(
m+ k
m
)
dk
with dn = n!. Substituting in (3.19), the Szegő kernel of Dh reads
S(v, v¯′) =
+∞∑
m=0
(h∗(v, v¯′))m
∑n
k=0
(
m+k
m
)
dk
Vol(M)
=
1
Vol(M)
n∑
k=0
dk
+∞∑
m=0
(h∗(v, v¯′))m
(
m+ k
m
)
.
The last sum gives
+∞∑
m=0
(h∗(v, v¯′))m
(
m+ k
m
)
=
1
(1− h∗(v, v¯′))k+1 , (3.20)
where we are using that
+∞∑
m=0
xm
(
m+ k
m
)
=
1
(1− x)k+1 .
Recall that the defining function of Dh is ρ(v, v) = (1 − h∗(v, v)), with almost
analytic extension ρ(v, v¯′) = (1− h∗(v, v¯′)) which substituted in (3.20) reads
S(v, v¯′) = 1
Vol(M)
n∑
k=0
dk
1
ρ(v, v¯′)k+1
.
Now writing ρ for ρ(v, v¯′), a direct computation shows:
S(v, v¯′) = 1
Vol(M)
(
d0
ρ
+
d1
ρ2
+ · · ·+ n!
ρn+1
)
=
1
Vol(M)
(
d0ρ
n + · · ·+ dn−1ρ+ n!
)
ρn+1
,
which compared with Fefferman’s formula (2.6) yields
a(v, v¯′) =
1
Vol(M)
(
d0ρ(v, v¯
′)n + · · ·+ dn−1ρ(v, v¯′) + n!
)
and clearly b(v, v¯′) = 0.
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Observe that if M = CPn and Lm = O(m), from Theorem 1.4 we have
dimH0(Lm) =
(
m+n
m
)
. Recalling that Vol(CPn) = 4pin
n!
we find that the Szegő
kernel of the disk bundle DhFS of CP
n is
S(v, w¯) = 1
Vol(M)
+∞∑
m=0
(
m+ n
m
)
(h∗(v, v¯′))m =
n!
4pin
1
ρn+1
. (3.21)
3.2 The conjecture of Zhiqin Lu and Gang Tian
In [41] Z. Lu and G.Tian analyzed what happens to the log–term of the Szegő
kernel of the disk bundle Dh when one varies the metric h by preserving the
corresponding cohomology class.
In particular they conjectured the following
Conjecture 3.17 (Z.Lu–G.Tian). Let ω ∈ [ωFS] be a Kähler metric on CPn
in the same cohomology class as the Fubini–Study metric ωFS. Let (L, h) be the
hyperplane bundle whose curvature is ω, (i.e. Ric(h) = ω). If the log–term of
the Szegő kernel of the unit disk bundle Dh ⊂ L∗ vanishes, then there is an
automorphism ϕ : CPn → CPn such that ϕ∗ω = ωFS.
Moreover, in the same paper, they proved the local version of the conjecture,
in fact the conjecture above holds true if the hermitian metric h is close to hFS
in the following sense
Theorem 3.18 (Z. Lu–G. Tian). Let L be the hyperplane bundle of CPn and let
h be a hermitian metric on L such that Ric(h) = ω. Assume that there exists
 > 0 (depending only on n) for which∥∥∥∥ hhFS − 1
∥∥∥∥
C2n+4
< . (3.22)
If the log–term of the Szegő kernel of the unit disk bundle Dh vanishes, then there
exists an automorphism ϕ of CPn such that ϕ∗(ω) = ωFS.
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The main result obtained by Z. Lu and G. Tian in [41] is the close relationship
between the vanishing of the log–term of the Szegő kernel constructed on the disk
bundle Dh ⊂ L∗ and the vanishing of the coefficients ak of the TYZ expansion of
(M,ω) for k > n when M is compact.
More precisely, they proved the following theorem
Theorem 3.19 (Z. Lu, G.Tian). Let (L, h) be a positive line bundle over a
complex compact manifold (M,ω) of dimension n such that Ric(h) = ω. If the
log–term of the Szegő kernel of Dh ⊂ L∗ vanishes then the coefficients ak of the
TYZ expansion in (3.7) vanish for k > n.
For completeness we report here the proof that can be found in [41].
Dimostrazione. Let v, v′ ∈ L∗ be two points whose local coordinates are v = (z, α)
and v′ = (w, β), respectively (in the same trivializing open set).
We consider h(z, w) as the almost analytic expansion of h(z) in z and w in
the sense that ∂¯zh(z, w) and ∂wh(z, w) vanish to infinite order at z = w and
h(z) = h(z, z). Define a global function ψ(v, v′) = −iρ(v, v′) with
ψ(v, v′) = ψ(z, α, w, β) = −i (1− h(z, w)−1αβ¯) .
Moreover, if v, v′ ∈ Xh ⊂ L∗, we can write
α =
√
h(z)eiθ, β =
√
h(w)eiθ
′
,
where θ, θ′ are real numbers. Thus on Xh, we have
ψ(v, v′) = ψ(z, α, w, β) = −i
(
1−
√
h(z)
√
h(w)h(z, w)−1ei(θ−θ
′)
)
, (3.23)
and by Fefferman’s formula (2.6) (see also [7])
S(v, v′) = a(v, v
′)
ρ(v, v′)n+1
+ b(v, v′) log ρ(v, v′). (3.24)
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In particular, from [59] and eq.(2.3) in [41], we know that the projection of S(v, v′)
onto H2m(Xh) is related to S(v, v′) by
Sm(v, v′) =
∫
S1
S(v, rθv′)eimθdθ, (3.25)
where rθ : Xh → Xh is given by rθv = rθ(z, α) = (z, αeiθ) = (z,
√
h(z)e2iθ). If the
log–term of the Szegő kernel vanishes, i.e. b = 0 in (3.24), and passing to points
on the diagonal of Xh ×Xh we have
Sm(v, v) =
∫
S1
in+1a(v, rθv)
(1− e−iθ)n+1 e
imθdθ,
where ρ(v, rθv) = ψ(v, rθv) = −i
(
1−√h(z)√h(z)h(z, w)−1ei(θ−2θ)). We need
to prove that the above expression expands to a polynomial in the variable m.
For that, take a real number c > 1 and consider
Sm(v, v) = lim
c→1
∫
S1
in+1a(v, rθv)
(c− e−iθ)n+1 e
imθdθ.
Now, integrating by parts n times, we get
Sm(v, v) = lim
c→1
∫
S1
ζ(v, θ,m)
(c− e−iθ)n+1 e
imθdθ,
where ζ(v, θ,m) is a polynomial in the variable m and the coefficients are smooth
functions in v and θ. By the Riemann-Lebesgue Lemma, we know that the above
expression has the same asymptotic expansion as
Sm(v, v) = ζ(v, 0,m) lim
c→1
∫
S1
1
(c− e−iθ)n+1 e
imθdθ.
In other words, there is a polynomial P (x,m) of degree ≤ m such that
Sm(v, v) ∼ P (v,m),
in the sense that
|Sm(v, v)− P (v,m)| < C
mk
for any k. From Remark 3.15 we can compare this expansion of Sm with the
TYZ expansion of Tm in (3.7). In particular, P (v,m) being of degree less than
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or equal to m implies that the coefficients aj with j > n of the TYZ expansion
are all equal to zero.
Following this idea, in [54] the author showed the validity of the Lu–Tian’s
Conjecture for a family of Kähler forms in CP2 cohomologous to 2ωFS and which
do not satisfy condition (3.22).
Consider for each a > 0, the one parameter family of Kähler forms on CP2 given
by
ωa = Φ
∗ωFS, (3.26)
where a = |α|2, α ∈ C∗ and Φ is the holomorphic Veronese–type embedding given
by
CP2
Φ−→ CP5
[Z0, Z1, Z2] 7−→ [Z20 , Z21 , Z22 , αZ0Z1, αZ0Z2, αZ1Z2],
where Z0, Z1, Z2 are homogeneous coordinates on CP2. (Note that we are denoting
by the same symbol the Fubini-Study form of CP2 and of CP5).
So the author has proved the following
Theorem 3.20. Let ωa be as above and let ha be the hermitian product on O(1)→
CP2 such that Ric(ha) = ωa. If the log–term of the Szegő kernel of Dha vanishes,
then there is an automorphism ϕ : CP2 → CP2 such that ϕ∗ωa = ωFS.
Dimostrazione. Consider standard affine coordinates in CP2 in the chart U0 =
{Z0 6= 0}. Then the Kähler form ωa in (3.29) is given in these coordinates by
ωa =
i
2
∂∂ log(1 + |z1|4 + |z2|4 + a|z1|2 + a|z2|2 + a|z1|2|z2|2)
with a = |α|2.
Suppose that the log–term of the Szegő kernel of
Dha = {v ∈ L∗ | ρ(v, v) := 1− h∗a(v, v) > 0} ⊂ L∗,
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with L∗ = O(−1) vanishes. Then, by Theorem 3.19, the coefficients ak = 0
for k > 2. In particular a3 = 0, which combined with Theorem 3.10 gives the
following equation
a3 =
1
8
∆∆Scal +
1
24
divdiv(R,Ric)− 1
6
divdiv(ScalRic) +
1
48
∆(|R|2 − 4|Ric|2 + 8Scal2)
+
1
48
Scal(Scal2 − 4|Ric|2 + |R|2) + 1
24
(σ3(Ric)− Ric(R,R)−R(Ric,Ric)) = 0.
A long but straightforward computation obtained also with the use of a computer
program, gives that the function a3 evaluated at the origin reads
a3(0, 0) =
1
6
3a6 − 30a5 − 67a4 + 278a3 + 904a2 − 704a− 2592)
a6
=
1
6
(3a5 − 24a4 − 115a3 + 48a2 + 1000a+ 1296)(a− 2)
a6
(3.27)
while evaluating a3 at the point (1, 1) reads
a3(1, 1) =− 1
3
28139a8 − 526469a7 − 57190a6 + 6561820a5 + 2946788a4+
(1 + a)
−22781096a3 − 16867840a2 + 19757632a+ 16922624
(a2 + 8a+ 16)4(a+ 4)
=− 1
3
(28139a7 − 470191a6 − 997572a5 + 4566676a4 + 12080140a3
(1 + a)
+1379184a2 − 14109472a− 8461312)(a− 2)
(a2 + 8a+ 16)4(a+ 4)
.
(3.28)
With a bit of calculation and using Descartes’ rule of signs and the intermediate
value theorem, we found that the positive zeros of (3.27) are x1, x2, x3 with x1 = 2,
x2 ∈
]
31
10
, 32
10
[
and x3 ∈ ]11, 12[ while the positive solutions of (3.28) are y1, y2, y3, y4
with y1 = 2, y2 ∈ ]1, 2[, y3 ∈
]
34
10
, 35
10
[
and y4 ∈ ]18, 19[. So we can conclude that
the only value of a for which the coefficient a3 is zero for all points is a = 2, which
is the only Fubini–Study metric of the family.
Let us point out that the proof of Theorem 3.20 cannot be achieved by Lu–
Tian’s Theorem, since ha doesn’t satisfy condition (3.22). Indeed, let σ|U0 : U0 →
L \ {0} be the trivializing section given by
σ|U0([Z0, Z1, Z2]) = ([1, z1, z2], (1, z1, z2)) ,
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with z1 = Z1Z0 and z2 =
Z2
Z0
. Then the local expression of the hermitian metric ha
and of the hermitian metric h2FS such that Ric(h2FS) = 2ωFS are given by
ha(σ|U0([Z0, Z1, Z2]), σ|U0([Z0, Z1, Z2])) =
1
(1 + |z1|4 + |z2|4 + a|z1|2 + a|z2|2 + a|z1|2|z2|2) ,
and
h2FS(σ|U0([Z0, Z1, Z2]), σ|U0([Z0, Z1, Z2])) =
1
(1 + |z1|2 + |z2|2)2 ,
respectively. If condition (3.22) were satisfied then the quantity∥∥∥∥ (1 + |z1|4 + |z2|4 + 2|z1|2 + 2|z2|2 + 2|z1|2|z2|2)(1 + |z1|4 + |z2|4 + a|z1|2 + a|z2|2 + a|z1|2|z2|2) − 1
∥∥∥∥
would be bounded. By passing to polar coordinates (z1, z2) = ρ(cosϑ, sinϑ) one
gets
lim
cosϑ sinϑ→− 1
a
lim
ρ→+∞
∥∥∥∥ (2− a)[ρ(cosϑ+ sinϑ) + ρ2 cosϑ sinϑ](1 + ρ2 + a[ρ(cosϑ+ sinϑ) + ρ2 cosϑ sinϑ]
∥∥∥∥ = +∞,
which yields the desired contradiction.
One could ask if a similar result holds for a more general family of forms on
CPn. To answer this question, consider the three parameter family of Kähler
forms on CP2 given by
ωabc = Ψ
∗ωFS (3.29)
where a = |α|2, α ∈ C∗, b = |β|2, β ∈ C∗, c = |γ|2, γ ∈ C∗ and Ψ is the
holomorphic Veronese–type embedding given by
CP2
Ψ−→ CP5
[Z0, Z1, Z2] 7−→ [Z20 , Z21 , Z22 , αZ0Z1, βZ0Z2, γZ1Z2],
where Z0, Z1, Z2 are homogeneous coordinates on CP2. (Also in this case we
are denoting by the same symbol the Fubini-Study form of CP2 and of CP5).
Replacing the proof of Theorem 3.20 we find the following expressions for the
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coefficient a3 evaluated in the points (0, 0) and (0, 1)
a3(0, 0) =(a
4b3 − 136a3b3 + a3b4)c3+
+(−4a5b4 + 4a5b2 − 376a2b4 + 6a3b4 + 216a4b4 + 6a4b3 + 4a2b5 − 376a4b2 − 4a4b5)c2+
+(8a2b5 + 408a3b5 − 80a5b5 + 8a5b2 − 240a3b3 − 680ab5 + 3a6b5 − 10a4b5 − 10a5b4+
+3a5b6 − 680a5b+ 408a5b3 − 6a6b3 − 6a3b6)c+
−2208a6 + 192a4b4 − 160a4b6 − 384a4b2 + 1176a6b2 − 160a6b4 − 384a2b4 − 72a6b3+
−72a3b6 + 12a5b6 + 96ab6 + 96a6b+ 2a7b4 − 2208b6 + 1176a2b6 + 12a6b5 + 2a4b7.
and
a3(0, 1) =4bc
7 + (56a+ 48ab+ 216b3 − 96b4 − 808b+ 340b2 − 4ab2)c6+
+(576 + a2b3 − 40a2b2 − 10544ab+ 384b+ 92a2b− 6512a− 600ab4 + 184a2 + 1180ab2+
+1428b3a+ 48b2)c5+
+(−48b4 + 304a3 + 6496a2b3 − 8b3a− 72a3b2 + 21116a2b2 − 49600b+ 116a3b− 64ab2+
−20960b2 − 2976b3 − 1670a2b4 + 8a3b3 + 800ab− 38400 + 1696a2 + 5896a2b+ 1792a)c4+
+(296a4 − 4704a3b2 + 992a2b+ 24a2b3 − 5120 + 40064a− 1536b2 − 64b3 − 160a2b2+
+2816a2 − 28968a3b+ 9a4b3 + 112a4b+ 30544b3a− 13664a3 + 98080ab2 − 4228a3b4+
+116672ab− 70a4b2 − 4554a3b3 + 2832ab4 − 5376b)c3+
+(294912 + 2752a3 + 1552a4 − 94976a2 + 168a5 + 8384b4 + 87168b3 + 321792b2 − 12800a+
+509440b+ 21120a4b2 + +80a5b+ 5792a4b− 12288ab+ 6506a4b3 − 1670a4b4 − 172480a2b+
+960a3b+ 32a3b3 + 128b3a− 40a5b2 − 141632a2b2 − 144a3b2 − 2688ab2 − 59856a2b3+
−10144a2b4 + 2a5b3)c2+
+(12288 + 39936a3 + 1664a4 − 12800a2 − 6592a5 + 1536b3 + 9216b2 − 74752a+ 18432b+
−6a6b2 − 64a4b2 − 10608a5b+ 704a4b− 314368ab− 12288a2b+ 116608a3b+ 30560a3b3+
−161024b3a+ 1176a5b2 − 2688a2b2 + 98112a3b2 + 40a6b− 359424ab2 + 128a2b3 − 600a5b4+
+1432a5b3 + 2832a3b4 − 25280ab4 + 48a6)c+
−565248− 5120a3 − 38528a4 + 294912a2 + 512a5 − 35328b4 − 282624b3 − 847872b2+
+12288a− 1130496b+ 340a6b2 − 20992a4b2 + 320a5b− 49728a4b+ 18432ab− 2976a4b3+
−48a4b4 + 509440a2b− 5376a3b− 64a3b3 + 1536b3a+ 32a5b2 + 321792a2b2 − 96a6b4+
−1536a3b2 + 4a7b− 808a6b+ 216a6b3 + 9216ab2 + 87168a2b3 + 8384a2b4.
and a similar (but more complicated) polynomial of degree 13 in a, b and c for
a3(1, 1).
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Capitolo 4
Szegő kernel on Cartan–Hartogs
domains
We have already seen that Z. Lu and G. Tian proved in [41] Theorem 3.19 which
states that if the Szegő kernel of the disk bundle of a compact complex manifold
(M,ω) has no log–term, then the coefficients ak of the TYZ expansion vanish for
k > n. Observe that an analogous result, with a completely similar proof, can be
stated also for the non–compact case:
Theorem 4.1. Let Xh be the unit circle bundle of L∗ over M (not necessarily
compact). If the function b of the Szegő kernel of Xh vanishes, then the coefficients
ak of TYZ expansion vanish for k > n.
It is natural to ask if the converse of Theorem 3.19 holds true. In fact, Z. Lu
has conjectured (private communication) the following:
Conjecture 4.2 (Lu). Let (L, h) be a positive line bundle over a compact complex
manifold (M,ω) of dimension n, such that Ric(h) = ω. If the coefficients ak of
TYZ expansion in (3.7) vanish for all k > n, then the log–term of the Szegő
kernel of the disk bundle over M vanishes.
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In [38] we studied the analogue of this conjecture for the non–compact case, in
particular for an important family of manifolds called Cartan–Hartogs domains.
4.1 The TYZ expansion on non-compact manifolds.
In this section we define the Kempf distortion function for a non–compact ma-
nifold M . Analogously to the compact case, we need the Kähler form ω to be
integral, i.e. we require the existence of a linear holomorphic line bundle (L, h)
which polarizes (M,ω). For the sake of simplicity, we will assume that M is
contractible, a condition which is satisfied by the Cartan–Hartogs domains we
are dealing with.
Consider the separable Hilbert space Hm consisting of Lm’s global holomor-
phic sections bounded with respect to the hermitian product hm = hm
Hm =
{
s ∈ Hol(M) |
∫
M
hm(s(x), s(x))
ωn
n!
<∞
}
. (4.1)
Observe that if M is compact, the space Hm coincides with H0(Lm) and the
Kempf distortion function is defined in Section 3.1. Consider the inner product
< s, t >m=
∫
M
hm(s(x), t(x))
ωn
n!
(x)
for s, t ∈ Hm. If Hm 6= {0}, choose an orthonormal basis sm = (sm0 , . . . , smNm)
(dimHm = Nm + 1 ≤ ∞) of Hm with respect to hm and define the Kempf
distortion function as
Tm(x) :=
Nm∑
j=0
hm(s
m
j (x), s
m
j (x)) (4.2)
where Tm(x) ∈ C∞(M,R+). In this context, unlike in the compact case, we do not
have a general theorem which ensure the existence of a TYZ expansion for Tm. A
partial result in this direction was given by M. Engliš in [14], where he showed that
ifM is a strictly pseudoconvex bounded domain in Cn with real analytic boundary
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and M is a bounded symmetric domain equipped with its Bergman metric, then
the Kempf distortion function Tm(x) admits the asymptotic expansion
Tm(x) ∼
+∞∑
j=0
aj(x)m
n−j (4.3)
where aj(x) are smooth coefficients and a0(x) = 1. Equation (4.3) means that
for every integer l, r and every compact H ⊆M∥∥∥∥∥Tm(x)−
l∑
j=0
aj(x)m
n−j
∥∥∥∥∥
Cr
≤ Cl,r,H
ml+1
where Cl,r,H > 0 is a constant depending on l, r and H and on the Kähler form
ω. Moreover, || · ||Cr is the Cr norm in local coordinates.
Later, in [16] Engliš also computed the first three coefficients of the TYZ
expansion for these manifolds. A different approach to that problem was taken
by X. Ma and G. Marinescu in [42, Th.6.1.1], where they proved the existence of
a TYZ expansion of Tm under some assumptions on the curvature of the bundles
considered. More precisely, they proved the following:
Theorem 4.3 (X. Ma–G. Marinescu). Let (M, g, ω = Ric(h)) be a complete
Kähler manifold and for m > 0, hm = hm the hermitian metric defined on Lm.
Then the Kempf distortion function Tm(x) admits an asymptotic expansion in m
with coefficients given by (4.3) if there exists c > 0 such that
iRdet > −cω (4.4)
where Rdet denotes the curvature of the connection on det(T (1,0)M) induced by g.
Remark 4.4. Observe that Theorem 6.1.1 in [42] is stated in a more general
setting. In particular, for the existence of the TYZ expansion of the Kempf
distortion function of a manifold (M,ω), Ma and Marinescu required the existence
of  > 0 and C > 0 such that
iRL > ω, i(Rdet +RE) > −CωIdE, |∂ω|gTX < C.
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On the other hand, the last condition is trivially satisfied if (M,ω) is Kähler.
Moreover, in our case, the bundle E = M × C is the trivial line bundle endowed
with the flat metric hE, so RE = 0. Finally, using that iRL = 2ω (since the
metric in L is h, which induces the Kähler form ω) the first condition is always
satisfied if 0 <  < 2 and there remains only (4.4).
4.2 Hartogs domains
Let F : [0, x0) → (0,+∞] be a non–increasing lower semicontinuous function
from [0, x0) ⊂ R (x0 ≤ +∞) to the positive real numbers. The domain DF given
by
DF = {(z1, z2) ∈ C2 | |z1|2 < x0, |z2|2 < F (|z1|2)}
is called the Hartogs domain corresponding to the function F . The lower semi-
continuity of F is needed to have that DF is an open set. If we assume that F is
C2 in [0, x0), we can define a real 2–form ωF by
ωF :=
i
2
∂∂¯ log
1
F (|z1|2)− |z2|2 .
In particular if (and only if)
(
xF ′
F
)′
< 0 for all x ∈ [0, x0) then ωF is Kähler,
where the prime denotes the derivative with respect to x. For more details on
this domains see for example [15]. Now we compute the Szegő kernel of the
Hartogs domain DF using the volume form induced by the contact form α on
∂DF .
Example 4.5. Let DF be the Hartogs domain defined by
DF := {(z1, z2) ∈ C2, F (|z1|2)− |z2|2 > 0},
and consider the boundary ∂DF = {(z1, z2) ∈ C2, F (|z1|2) − |z2|2 = 0}. By
definition, the contact form α on ∂DF is given by α = −i∂ρ|∂DF , where ρ =
54
F (|z1|2)− |z2|2 > 0 is the defining function of DF . Thus, we get:
α = −i(F ′z¯1dz1 − z¯2dz2).
Furthermore, by dα = (∂ + ∂¯)α = −i∂¯∂ρ, we get
dα = −i[(F ′′|z1|2 + F ′)dz1 ∧ dz¯1 − dz2 ∧ dz¯2].
The volume form α ∧ dα reads
α ∧ dα = F ′z¯1dz1 ∧ dz2 ∧ dz¯2 + (F ′ + F ′′|z1|2)z¯2dz2 ∧ dz1 ∧ dz¯1,
which in polar coordinates, restricted to ∂DF , becomes
α ∧ dα = −
(
rF ′
F
)′
F 2 dr ∧ dθ1 ∧ dθ2.
For convenience in further computation, we set
ck(F
α) :=
∫ x0
0
tkF (t)α
(
−
(
rF ′
F
)′)
dt.
An orthogonal basis of the Hardy space of DF , is given by the monomials {zj1zk2}
with j, k ∈ N (see [15, Sec. 3]) and norm
||zk1zj2||2 =
∫
∂DF
|zk1zj2|2α ∧ dα =
∫
∂DF
rkF jF 2
(
−
(
rF ′
F
)′)
dr ∧ dθ1 ∧ dθ2
=4pi2
∫ x0
0
rkF j+2
(
−
(
rF ′
F
)′)
dr = 4pi2ck(F
j+2).
(4.5)
From [15, eq. (3.30), p.445], there exists an infinite subset E which contains all
the integers greater or equal then 2 and a real number γ such that for all α ∈ E,
∞∑
k=0
tk
ck(Fα)
= (α− 1 + γ)F (t)−α ∀t ∈ ∂DF . (4.6)
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Then by the definition of the Szegő Kernel, using (4.5) and (4.6) and setting
t1 = |z1|2, t2 = |z2|2 we compute
S(z1, z2) =
∞∑
k,j=0
|z1|2k|z2|2j
||zk1zj2||2
=
1
4pi2
∞∑
k,j=0
tk1t
j
2
ck(F j+2)
=
1
4pi2
∞∑
j=0
tj2(j + 2− 1 + γ)
F (t1)j+2
=
1
4pi2
∞∑
j=0
(
t2
F (t1)
)j
(j + 1 + γ)
F (t1)2
=
1
4pi2F (t1)2
∞∑
j=0
(j + 1)
(
t2
F (t1)
)j
+ γ
(
t2
F (t1)
)j
=
1
4pi2F (t1)2
 1(
1− t2
F (t1)
)2 + γ 11− t2
F (t1)

=
1
4pi2F (t1)2
F (t1)
2 + γF (t1)(F (t1)− t2))
(F (t1)− t2)2
,
(4.7)
where we are using that
∑∞
j (j + 1)x
j = 1
(1−x)2 and
∑∞
j x
j = 1
(1−x) . Recall that
the defining function of DF is ρ(z1, z2) = F (|z1|2)− |z2|2. We have
S(z1, z2) = F (|z1|
2) + γρ
4pi2F (|z1|2)ρ2 .
In particular, the Szegő kernel of the Hartogs domain DF has vanishing log–term.
4.3 Cartan domains
Now we define an important family of domains called Cartan domains.
It is well known that every hermitian symmetric space of non–compact type
of complex dimension d is biholomorphically isometric to (Ω, cgB), where Ω is a
bounded symmetric domain of Cd endowed with its Bergman metric gB multi-
plied by a positive constant c. A globally defined potential for gB is given by
Φ(z) = log K, where K is the Bergman kernel of Ω. The domain Ω can be chosen
to be circular (i.e. z ∈ Ω, θ ∈ R ⇒ eiθz ∈ Ω) and convex. Every bounded
symmetric domain is the product of irreducible factors, called Cartan domains.
From E. Cartan’s classification, Cartan domains can be divided into two catego-
ries, classical and exceptional ones (see [32] for details). Classical domains can
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be described in terms of complex matrices as follows (m and n are non–negative
integers, n ≥ m):
Ω1[m,n] = {Z ∈Mm,n(C), Im − ZZ∗ > 0} (dim(Ω1) = nm),
Ω2[n] = {Z ∈Mn(C), Z = ZT , In − ZZ∗ > 0} (dim(Ω2) = n(n+1)2 ),
Ω3[n] = {Z ∈Mn(C), Z = −ZT , In − ZZ∗ > 0} (dim(Ω3) = n(n−1)2 ),
Ω4[n] = {Z = (z1, . . . , zn) ∈ Cn,
n∑
j=1
|zj|2<1, 1 + |
n∑
j=1
z2j |2−2
n∑
j=1
|zj|2 > 0}
(dim(Ω4) = n), n 6= 2,
where Im (resp. In) denotes the m ×m (resp n × n) identity matrix and A > 0
means that A is positive definite. In the latter domain we are assuming n 6= 2
since Ω4[2] is not irreducible (and hence is not a Cartan domain).
The reproducing kernels of some classical Cartan domains are given by
KΩ1(z, z) =
1
V (Ω1)
[det(Im − ZZ∗)]−(n+m),
KΩ2(z, z) =
1
V (Ω2)
[det(In − ZZ∗)]−(n+1),
KΩ3(z, z) =
1
V (Ω3)
[det(In − ZZ∗)]−(n−1),
KΩ4(z, z) =
1
V (Ω4)
(
1 + |
n∑
j=1
z2j |2 − 2
n∑
j=1
|zj|2
)−n
, (4.8)
where V (Ωj), j = 1, . . . , 4, is the total volume of Ωj with respect to the Euclidean
measure of the ambient complex Euclidean space (see [12] for details).
In general, every bounded symmetric domain Ω is uniquely determined by a
triple of integers (r, a, b). The genus γ of Ω is γ = (r − 1)a + b + 2 and the
dimension d is defined by d = r(r−1)
2
a+ rb+ r. The table below summarizes the
numerical invariants and the dimension of Ω according to its type
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Tabella 4.1: Bounded symmetric domains, invariants and dimension.
Type r a b γ dimension
Ω1[m,n] m 2 n−m n+m nm
Ω2[n] n 1 0 n+ 1 n(n+ 1)/2
Ω3[n] [n/2] 4
0 (n even)
n− 1 n(n− 1)/2
2 (n odd)
Ω4[n] 2 n− 2 0 n n
Denote by N = N(z) the generic norm of Ω, namely
N(z) = (V (Ω)K(z, z))−
1
γ ,
where V (Ω) is the total volume of Ω with respect to the Euclidean measure of Cd
and K(z, z) is its Bergman kernel (see previous section or [1] for more details).
In particular, every Cartan domain Ω can be endowed with its Bergman metric
gB whose associated Kähler form is
ωB = − i
2
∂∂¯ logNγ, (4.9)
that is a Kähler form on Ω. In the following, we consider the Cartan domain Ω
endowed also with the form ωΩ(µ) = − i2∂∂¯ logNµ for which the metric gΩ(µ)
reads
gΩ(µ) =
µ
γ
gB =
∂2 logNµ
∂zj∂z¯k
. (4.10)
In particular, we have (see also [60])
gΩ(µ) = −∂
2 logNµ
∂zj∂z¯k
=
Nµj N
µ
k¯
−Nµ
jk¯
Nµ
N2µ
, (4.11)
for all j, k = 0, . . . , d and where we denote by Nµj :=
∂Nµ
∂zj
, Nµ
k¯
:= ∂N
µ
∂z¯k
and
Nµ
jk¯
:= ∂
2Nµ
∂zj∂z¯k
.
Finally, from the homogeneity of Ω it follows that (see [32, p.18-19]) gB is Kähler–
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Einstein1 and so
det(gB) = N
−γ. (4.12)
4.4 Cartan–Hartogs domains
In 1998, Guy Roos and Weiping Yin [56] introduced the following Hartogs’ type
domains based on Cartan domains.
Given a bounded symmetric domain Ω ⊂ Cd (i.e. the product of Cartan do-
mains as defined in the previous section) of rank r and positive invariant numbers
a and b, we can define a new family of domains in Cd+d0 in the following way:
Definition 4.6. The Cartan-Hartogs domain Md0Ω (µ) based on Ω is the pseudo-
convex domain of Cd+d0 defined by (µ > 0 is a fixed constant):
Md0Ω (µ) =
{
(z, w) ∈ Ω× Cd0 , ||w||2 < Nµ(z)} . (4.13)
The Cartan–Hartogs domainMd0Ω (µ) can be equipped with the natural Kähler
form
ωd0 = −
i
2
∂∂¯ log(Nµ(z)− ||w||2).
Note that Md0Ω (µ) is a Hartogs domain (in the sense of the previous section)
with F = Nµ. The Cartan–Hartogs domain (Md0Ω (µ), ωd0) has been studied by
several authors from different analytical and geometrical points of view (see for
example [21] [20], [56], [57], [58], [60] and [62]). For all Cartan–Hartogs domains
an important inflation principle, very useful for future computation, holds. From
[56, Section 2.3], there exists a function L(z, |w|2) for which the reproducing
kernel of M1Ω(µ) can be written as
KM1Ω(z, w) = L(z, |w|2),
because of the circular symmetry with respect to the variable w.
1A manifold (M, g) is Kähler–Einstein if M is Kähler (see Def.1.1) and if the Ricci tensor is such
that Ric = λg for same constant λ.
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Proposition 4.7 (Inflation principle). Let Md0Ω (µ) be the Cartan–Hartogs do-
main defined by
Md0Ω (µ) =
{
(z, w) ∈ Ω× Cd0 , ||w||2 < Nµ(z)} .
The reproducing kernel of Md0Ω (µ) is
K
M
d0
Ω
(z, w) =
1
d0!
∂d0−1
∂rd0−1
L(z, r)
∣∣∣∣∣
r=||w||2
,
with ||w||2 = |w1|2 + · · ·+ |wd0|2.
Dimostrazione. The proof can be obtained by straightforward adaptation of the
proof given in Subsection 2.4 in [5] for the case of the Bergman kernel.
This theorem tells us that we can compute the Szegő kernel of a Cartan–
Hartogs domain Md0Ω (µ) of dimension d + d0 in the variable (z, w1, . . . wd0) by
simply replacing |w|2 with ||w||2 = |w1|2 + · · ·+ |wd0|2 in the Szegő kernel of the
Cartan–Hartogs of dimension d+1 in the variable (z, w). Consider the line bundle
L = Md0Ω (µ)× C on Md0Ω (µ) and observe that is a trivial bundle since Md0Ω (µ) is
contractible and pseudoconvex, so any holomorphic line bundle over Md0Ω (µ) is
holomorphically trivial. We can endowed L with the following hermitian metric
hd0(z, w; ξ) =
(
Nµ(z)− ||w||2) |ξ|2, (z, w) ∈Md0Ω (µ), ξ ∈ C, (4.14)
which satisfies Ric(hd0) = ωd0 . In the following lemma we show that the di-
sk bundle Dhd0 of the Cartan–Hartogs domain M
d0
Ω (µ), is the Cartan–Hartogs
domain Md0+1Ω (µ).
Lemma 4.8. The disk bundle Dhd0 = {v ∈ L∗|h∗d0(v, v) < 1} ⊂ L∗, with L =
Md0Ω (µ)×C is a Cartan–Hartogs domain of dimension d+d0+1, namelyMd0+1Ω (µ).
Dimostrazione. Without loss of generality, we prove this assertion for d0 = 1. Let
M1Ω(µ) be the Cartan–Hartogs of dimension d+ 1 defined as
M1Ω(µ) =
{
(z, w) ∈ Ω× C, |w|2 < Nµ(z)} .
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endowed with the Kähler form ω1 = − i2∂∂¯ log(Nµ(z)−|w|2) such that Ric(h1) =
ω1, with
h1(z, w; ξ) =
(
Nµ(z)− |w|2) |ξ|2, (z, w) ∈M1Ω(µ), ξ ∈ C.
If a point v = (z, w, ξ) belongs to the disk bundle Dh1 ⊂ L∗ then
1− h∗1(v, v) = 1− |ξ|2h−11 = 1−
|ξ|2
(Nµ(z)− |w|2) > 0, (4.15)
where h∗1 = h
−1
1 . Since (z, w) ∈ M1Ω(µ), we have (Nµ(z) − |w|2) > 0, so the last
part of (4.15) becomes
(Nµ(z)− |w|2)− |ξ|2 > 0,
which implies that
Nµ(z) > |w|2 + |ξ|2.
Comparing with (4.13) gives the assertion, where a point of M2Ω(µ) is indicated
by the triple (z, w, ξ) with z ∈ Ω and (w, ξ) ∈ C2.
Now we are interested in the TYZ expansion of the Kempf distortion func-
tion of a Cartan–Hartogs domain. From Theorem 4.3, Remark 4.4 and the fact
that iRdet = ρ, since the metric on det(T (1,0)M) induced by g is exactly ω (see
[31, p.18]), the Kempf distortion function of the Cartan-Hartogs domain Md0Ω (µ)
admits an asymptotic expansion if ρ > −cωd0 . From [60], the Ricci form of the
Cartan–Hartogs domain (M1Ω, ω1) of dimension d+ 1 reads
ρ =
µ(d+ 1)− γ
µ
1
N2µ
(Nµ)j(Nµ)k¯ − (Nµ)jk¯Nµ 0
0 . . . 0 0
+
−(d+ 2) 1
(Nµ − |w|2)2
(Nµ)j(Nµ)k¯ − (Nµ)jk¯(Nµ − |w|2) −(Nµ)jw
−(Nµ)k¯w¯ Nµ

(4.16)
where the metric g1(µ) is
g1(µ) =
1
(Nµ − |w|2)
(Nµ)j(Nµ)k¯ − (Nµ)jk¯(Nµ − |w|2) −(Nµ)jw
−(Nµ)k¯w¯ Nµ
 .
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Clearly if µ(d+1)−γ
µ
> 0, then the previous condition holds for c > d + 2. More
generally, if µ(d+d0)−γ
µ
> 0 then the Kempf distortion function of (Md0Ω , ωd0) admits
an asymptotic expansion as in (4.3). The main result about the TYZ expansion
for Cartan-Hartogs domains is expressed by the following recent result in [21],
which shows that the expansion is indeed finite, namely it is a polynomial in m
of degree d+ d0 with computable (non-constant) coefficients.
Theorem 4.9 (Z. Feng–Z. Tu). Let m > max
{
d+ d0,
γ−1
µ
}
, then the Kempf
distortion function associated to (Md0Ω (µ), ωd0) can be written as
Tm(z, w) =
1
µd
d∑
k=0
DkX˜(d)
k!
(
1− ||w||
2
Nµ
)d−k
Γ(m− d+ k)
Γ(m− d− d0) , (4.17)
with
DkX˜(d) =
k∑
j=0
(
k
j
)
(−1)j
r∏
l=1
Γ(µ(d− j)− γ + 2− (l + 1)a
2
+ b+ ra)
Γ(µ(d− j)− γ + 1 + (l − 1)a
2
)
.
In [21] Z. Feng and Z.Tu used Formula (4.17) to prove that if the coefficient
a2 of the TYZ expansion of Md0Ω (µ) is constant, then M
d0
Ω (µ) is the complex
hyperbolic space. In [61], M. Zedda generalized this result by proving that if
one of the coefficients aj, 2 ≤ j ≤ d + d0, of the TYZ expansion associated
to Md0Ω (µ) is constant, then the domain is biholomorphically equivalent to the
complex hyperbolic space.
In our context, formula (4.17) implies, in particular, that ak = 0 for k > d+d0.
Therefore it is natural to ask if Conjecture 4.2 holds true in this (non–compact)
case. Observe that the boundary of Md0+1Ω (µ) is not smooth, being
∂Md0Ω (µ) = ∂Ω ∪ {(z, w) ∈ Ω× Cd0 | ||w||2 = Nµ}.
More precisely, the only Cartan–Hartogs domain with smooth boundary is the
Cartan–Hartogs domain of rank 1, i.e. when Ω is the complex hyperbolic space.
Thus, it does not make sense to speak of the log–term of the Szegő kernel, since
Fefferman’s formula (2.5) applies only when the domain involved has smooth
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boundary. Nevertheless, in order to consider the case of Cartan-Hartogs domains,
we give the following definition (which in the smooth boundary case coincides
with the standard one).
Definition 4.10. Let D ⊂ M be a strictly pseudoconvex domain in a complex
n-dimensional manifold M . Let X = ∂D be its boundary with defining function
ρ > 0, i.e. D = {v ∈ M | ρ(v) > 0}. Assume that the points where X fails to
be smooth are of measure zero. We say that the log–term of the Szegő kernel
vanishes if there exists a continuous function a on D¯ with a 6= 0 on X such that
S(v) = a(v)
ρ(v)n
.
In the following section we prove that
Theorem 4.11. The log–term of the Szegő kernel of a Cartan–Hartogs domain
vanishes.
4.5 The Szegő kernel of Cartan–Hartogs domains
In this section we obtain the proof of Theorem 4.11 by finding explicitly the Szegő
kernel of the disk bundle of the Cartan–Hartogs domain M1Ω(µ) of dimension
d+ 1 and by Prop. 4.7 (inflation principle) we generalize this result to a Cartan–
Hartogs domain of dimension d + d0. First of all, we compute the volume form
α ∧ (dα)d on the boundary ∂M1Ω(µ) of the strictly pseudoconvex domain M1Ω(µ).
Lemma 4.12. The volume form α ∧ (dα)d on the boundary ∂M1Ω(µ) is given in
polar coordinates (ρ, θ) by
α ∧ (dα)d =
(
2µ
γ
)d
Nµ(d+1)−γdθw ∧ ω
d
0
d!
,
where ω
d
0
d!
is the standard volume form of Cd and θw = θd+1.
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Dimostrazione. By definition, the contact form α is given by α = −i∂ρ|∂M1Ω(µ),
where ρ = Nµ − |w|2 > 0 is the defining function of M1Ω(µ). Thus, we get
α = −i
(
d∑
j=1
∂jN
µdzj − w¯dw
)
.
Furthermore, by dα = (∂ + ∂¯) α = −i∂¯∂ρ, we get
dα = −i
(
d∑
j,k=1
Nµ
jk¯
dzj ∧ dz¯k − dw ∧ dw¯
)
= i
(
dw ∧ dw¯ −
d∑
j,k=1
Nµ
jk¯
dzj ∧ dz¯k
)
,
(dα)d = id
(
det(−Nµ
jk¯
)dξ +
d∑
s,q=1
(−1)s+q det(−Nµ
jk¯
)sq¯dζsq¯
)
,
where we write Nµj = ∂Nµ/∂zj, N
µ
k¯
= ∂Nµ/∂z¯k and Nµjk¯ = ∂
2Nµ/∂zj∂z¯k and
denote by dξ = dz1 ∧ dz¯1 ∧ · · · ∧ dzd ∧ dz¯d and by dζq¯, (resp. dζsq¯) the form dξ
where the term dz¯q (resp. the terms dzs, dz¯q) is replaced by dw¯ (resp. dzs with
dw and dzq¯ with dw¯). Further, we write (−Nµjk¯)sq¯ for the matrix (−Nµjk¯) where
the s-th row and the q-th column have been deleted. Thus, the volume form
α ∧ (dα)d is given by
α ∧ (dα)d = −id+1
(
d∑
s,q=1
(−1)s+qNµs det(−Nµjk¯)sq¯dzs ∧ dζsq¯+
−w¯ det(−Nµjk)dw ∧ dξ
)
.
(4.18)
Observe first that
dzs ∧ dζsq¯ = −dw ∧ dζq¯ = dw ∧ dw¯ ∧ dξq¯,
where dξq¯ is the form dξ where the term dz¯q is deleted. Further, evaluating at
the boundary, turning to polar coordinates (ρ, θ) and denoting ρd+1 by ρw and
θd+1 by θw, from ρ2w = Nµ we have 2ρwdρw =
∑d
j=1N
µ
j¯
e−iθj (dρj − iρjdθj),
w¯dw ∧ dξ = ρw(dρw + iρwdθw) ∧ dξ = iNµdθw ∧ dξ, (4.19)
and
dw ∧ dw¯ = −2iρwdρw ∧ dθw = −i
d∑
j=1
Nµ
j¯
dz¯j ∧ dθw,
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which yields
dzs ∧ dζsq¯ = −iNµq¯ dz¯q ∧ dθw ∧ dξq¯ = −iNµq¯ dθw ∧ dξ. (4.20)
Substituting (4.19) and (4.20) into (4.18) we get
α ∧ (dα)d = idAdθw ∧ dξ = 2dAdθw ∧ ω
d
0
d!
,
where we used that ω
d
0
d!
=
(
i
2
)d
dξ and sets
A = Nµ det
([
−Nµ
jk¯
])
−
d∑
j,k=1
(−1)j+kNµj Nµk¯ det
([−Nµpq¯])jk¯ .
It remains to show that
A =
(
µ
γ
)d
Nµ(d+1)−γ. (4.21)
In order to prove (4.21), consider the metric gΩ on the domain Ω associated
to ωΩ defined by equation (4.11).
A direct computation gives:
det(gΩ) = det
([
Nµj N
µ
k¯
−Nµ
jk¯
Nµ
N2µ
])
=
1
N2dµ
det
([
Nµj N
µ
k¯
−Nµ
jk¯
Nµ
])
=
Nµ1 · · ·Nµd
N2dµ
det
([
Nµ
k¯
−
Nµ
jk¯
Nµ
Nµj
])
=
∏d
h=1 N
µ
hN
µ
h¯
N2dµ
det
(
[1] +
[
−
Nµ
jk¯
Nµ
Nµj N
µ
k¯
])
=
1
Ndµ
det
([
−Nµ
jk¯
])
− 1
Nµ(d+1)
d∑
j,k=1
(−1)j+kNµj Nµk¯ det
([−Nµpq¯])jk¯
=
A
Nµ(d+1)
.
The conclusion follows with the help of
det(gΩ) =
(
µ
γ
)d
det(gB) =
(
µ
γ
)d
N−γ,
where gB is the Bergman metric on Ω defined by (4.10) and we use (4.12).
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Now we prove the Theoren 4.11
Proof of Theorem 4.11. Observe first that by Prop.4.7 (inflation principle) (see
also Section 2.3 in [56]) we can assume without loss of generality that d0 = 1. In
this case the defining function is ρ(z, w) = Nµ(z)− |w|2 and
∂M1Ω(µ) = ∂Ω ∪ {(z, w) ∈ Ω× C | |w|2 = Nµ}.
Although ∂M1Ω(µ) is not smooth, the points where it fails to be smooth make
up a set of measure zero, so we can use Definition 4.10. From Lemma 4.12 the
volume form dν = α ∧ (dα)d reads
dν = α ∧ (dα)d =
(
2µ
γ
)d
Nµ(d+1)−γdθw ∧ ω
d
0
d!
, (4.22)
where ω
d
0
d!
is the standard Lebesgue measure on Cd (ω0 is the flat Kähler form on
Cd). In order to compute the Szegő kernel SM1Ω(µ) of M1Ω(µ) one needs to find
an orthonormal basis of the separable Hilbert space H2(∂M1Ω(µ)) (Hardy space)
consisting of all holomorphic functions sˆ on M1Ω(µ), continuous on ∂M1Ω(µ) and
such that ∫
∂M1Ω(µ)
|sˆ|2dν <∞.
Consider the Hilbert space
H2m(Ω) =
{
s ∈ Hol(Ω)
∣∣∣∣ ∫
Ω
Nµm|s(z)|2ω
d
Ω
d!
<∞
}
,
(where ωΩ = γµωB is the Kähler form in Ω given by ωΩ = − i2∂∂¯ logNµ with ωB
given by (4.9)) and the map
∧ : H2m(Ω)→ H2(∂M1Ω(µ)) : s 7→ sˆ (4.23)
defined by
sˆ(v) = 2−
d
2N(z, z)−
µ(d+1)
2 wms(z), v = (z, w) ∈ ∂M1Ω(µ).
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Notice that the Hardy space H2(∂M1Ω(µ)) admits a Fourier decomposition into
irreducible factors with respect to the natural S1–action, i.e.
H2(∂M1Ω(µ)) =
+∞⊕
m=0
H2m(∂M1Ω(µ)),
where H2m(∂M1Ω(µ)) := {sˆ ∈ H2(∂M1Ω(µ)) | sˆ(λv) = λmsˆ(v)} and λv := (z, λw),
for v = (z, w). Since
ωdΩ
d!
=
(
µ
γ
)d
N−γ
ωd0
d!
,
it is not hard to see that the map ∧ defines an isometry between H2m(Ω) and
H2m(∂M1Ω(µ)). Thus, if we consider the orthogonal projection of the Szegő kernel
on each H2m(∂M1Ω(µ)), we get
SM1Ω(µ)(v) =
+∞∑
m=0
+∞∑
j=0
sˆmj (v)sˆ
m
j (v) = 2
−dN−µ(d+1)
+∞∑
m=0
+∞∑
j=0
|w|2m|smj (z)|2, (4.24)
where smj , j = 0, 1, . . . is an orthonormal basis of H2m(Ω) and sˆmj = ∧(smj ) is the
corresponding orthonormal basis for H2m(∂M1Ω(µ)).
It is well-known (for a proof, see e.g. [18, p.77] or [19, Ch. XIII.1]) that∑∞
j=0 N
µm|smj (z)|2 is a polynomial in m of degree d = dim Ω. Hence it can be
written as
∞∑
j=0
Nµm|smj (z)|2 =
d∑
l=0
bl
(
m+ l
l
)
,
where bl depends on the metric gΩ associated to ωΩ. Thus, this formula together
with (4.24) yields
SM1Ω(µ)(v) =2−dN−µ(d+1)
∞∑
m=0
d∑
l=0
|w|2mN−µmbl
(
m+ l
l
)
=2−dN−µ(d+1)
d∑
l=0
bl
∞∑
m=0
(
m+ l
l
)
(|w|2N−µ)m
=2−dN−µ(d+1)
d∑
l=0
bl
1
(1− |w|2N−µ)l+1 .
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That is
SM1Ω(µ)(v) =2−dN−µ(d+1)
[
b0N
µ
(Nµ − |w|2) + · · ·+
bdN
µ(d+1)
(Nµ − |w|2)d+1
]
=2−d
b0N
−µd (Nµ − |w|2)d + · · ·+ bd−1N−µ (Nµ − |w|2)2 + bd
(Nµ − |w|2)d+1 .
Observe that in the above expression, all terms except bd = d!md vanish once
evaluated at the boundary ∂M1Ω(µ). The vanishing of the log–term of SM1Ω(µ) (as
in Definition 4.10) then follows by setting
a(v) = 2−d
(
b0N
−µd (Nµ − |w|2)d + · · ·+ bd−1N−µ (Nµ − |w|2)2 + bd) .
This result together with Lemma 4.8 implies the following
Corollary 4.13. The log–term of the Szegő kernel of the disk bundle over a
Cartan–Hartogs domain vanishes.
Thus the Cartan–Hartogs domains are a family of non–compact manifolds for
which Conjecture 4.2 holds true.
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